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Abstract. We consider the one-dimensional focusing nonlinear 
Schrodinger equation (NLS) with a delta potential and even ini- 
tial data. The problem is equivalent to the solution of the ini- 
tial/boundary problem for NLS on a half-line with Robin bound- 
ary conditions at the origin. We follow the method of Bikbaev and 
Tarasov which utilizes a Backlund transformation to extend the 
solution on the half-line to a solution of the NLS equation on the 
whole line. We study the asymptotic stability of the stationary 
1-soliton solution of the equation under perturbation by applying 
the nonlinear steepest-descent method for Riemann-Hilbert prob- 
lems introduced by Deift and Zhou. Our work strengthens, and 
extends, earlier work on the problem by Holmer and Zworski. 

1. Introduction 

The nonlinear Schrodinger (NLS) equation with an external potential 
V{x) (Gross-Pitaevskii (GP) equation) 

(1.1) iut + ^Au + V{x)u + k\u\^u = , K = ±l 

arises as a model for a wide variety of phenomena in physics. In partic- 
ular (see e.g. |PS03] ) equation (11. ip provides a model for the evolution 
of Bose-Einstein condensates in dilute boson gases at very low temper- 
atures: in this case V{x) is called the trapping potential and k, = +1 
or —1 depending on whether the interaction of the bosons is attractive 
or repulsive, respectively. Furthermore, in this Bose-Einstein model, 
|-u(a;)p is the boson density and Ai = J \u{x)\'^dx is the total num- 
ber of bosons present in the system. In the spatially inhomogeneous 
case (y{x) ^ c), exact solutions of (11. ip are hard to come by, even 
in one dimension. Further reduction in the one-dimensional case to 
the delta-potential at x = 0, V{x) = q6o{x), still leaves a formidable 
and currently much studied problem (see e.g. |HZ09] and the refer- 
ences therein). However, as noted by Fokas, in one-dimension with 
V{x) = q6o{x), g G M, and Uo{x) = u{x,t = 0) even, equation (11.10 

1 



2 



PERCY DEIFT AND JUNGWOON PARK 



becomes integrable. This is because the delta function introduces a 
jump in the derivative at x = 0, ^{ux{0+) — Ux{0—)) + qu{0) = 0, and 
if u{x) is even this relation reduces to 

(1.2) u^{0+) + qu{0) = 

In other words, (11.11) with even initial data reduces to the initial- 
boundary value (IBV) problem for NLS on a half-line 

(1.3) iut + -Uxx + \u\'^u = 0, X > 0, 

with homogeneous boundary conditions (ll.2p at x = 0: such problems 
are known to be integrable by an extension of the inverse scattering 
meth od (see [Skl87j . |Tar88j . |Fok89j . |Kha91j . jBTOT] and |Tar91j l 

In |HZ09j the authors consider the GP equation in one-dimension 
with V = q6o and k = 1, 

(1.4) iut + '^Uxx + qSo{x)u + \u\'^u = 

with initial data of the form 

(1.5) u{x,0) = vx{x) + w{x) 

where q is small, w{x) is even and of order 0{q), and v\ has the special 
form 

(1.6) 'i;A(a;) = Asech(A|x| +tanh"^(g/A)), A > 

The data vx corresponds to the nonlinear ground state of the con- 
densate obtained by minimizing the energy H = — Q'^ol^P — 
ll^l^jfix subject to = \u{x)\'^dx = 2(A — q). Associated with vx, 
one has the stationary solution ux{x,t) = e*'^^*/^f a(x) for (11. 4p corre- 
sponding to 1(7 = 0. The main result in |HZ09] concerns the asymp- 
totic stability of this ground state condensate under perturbations, 
w = 0{q), q 1. The authors in |HZ09] prove in particular that for 
1 < t < c\q\ 
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;i.7) u{0,t) = e^"'*/2 I X _ J le'C^'t/2+./4) j ^^^^^^ | +o{q/e'^) 







for some explicit A, A ~ fA(0) for q small. The authors use PDE- 
Hamiltonian systems methods and do not utilize the integrability of 
the system explicitly. In this paper we analyze the above problem 
(11. 4p (11.5]) . but now utilizing the full force of the integrability of the 
IBV problem together with the steepest-descent method for Riemann- 
Hilbert Problems (RHPs) in |DZ93j jDZ03] . As indicated above, there 
are a number of different ways to show that the IBV problem (II. Sp (II. 2p 
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is completely integrable. We will follow the method of Bikbaev and 
Tarasov |Tar88j [BT91j [TarQlj . which is based in turn on KhabibuUin 
[KhaQlj . Part of this paper is devoted to reformulating the method of 
Bikbaev and Tarasov in the language of RHP's, so that the method in 
pZ93] jDZ03] can be applied. 

Our main results are as follows. We use the standard notations of the 
scattering and inverse scattering method for the focusing NLS equation. 
We refer the reader, who may not be familiar with these notations, for 
example, a{z), Backlund extension, etc., to Sections 3 and 4 below. We 
note that for u{x,0) = Vx{x) + ew{x), w{x) G H^'^ = {w E L^(]R) : w 
is absolutely continuous, xw{x),w' G L^(]R)}, the equation fll.4l) has 
a unique global (weak) solution in H^'^, i.e. t i— ?■ u{t) = u{x,t) is a 
continuous map from M"*" into if^'^(R) satisfying 

u{t) = e-''''''/\o + i f e-''''''^'-'^/^\u{s)\\{s)ds, 
(1-8) Jo 

u{t = 0) = Mo = Uq{x) G i/^'^(R). 

Here Hq is the self-adjoint operator — ^ — 2g(5o on M with domain 

D{Hg) = {/ G : / is absolutely continuous, 

/' is absolutely continuous in M \ {0}, 

/', r G L^ /'(0+) - r(O-) + 2g/(0) = 0}. 

We will also consider global weak solutions u{t) of (I1.3P with boundary 
conditions (11. 2p in the sense that u{t) is a continuous map from M"*" 
into if^'^(M+) = {/ G L2(]R+) : / is absolutely continuous ,f',xf G 
L^(M+)} which solves 

-iH+t/2^,,- /■* i//+(t_s)/2i ,/ N|2, 



M(t) = e"*^^ + z / e-''^-^*-^^/>(s)rM(s)ds, 

.1-9) 



u{t = 0) =uo = uo{x) G if^'^(M+). 

Here is the self-adjoint operator — ^ on M"*" with domain 

D(H^) = {/ G L^(]R^) :/ and /' are absolutely continuous, 

r GL2(M+),/'(0+) + g/(0) = 0}. 

Definition 1.1. We say that u{t) solves a HNLS^ ifu(t) is a (global, 
weak) solution to ([O]) with (d^D- Ifu{t) solves ([TS]) onR" with f lT^ . 
we say that u{t) solves a HNLS~. 

Also we will consider global weak solutions u{t) of NLS (13. ip on the 
line, by which we mean a continuous map from M"*" into if^'^(]R) such 
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that 



(1.10) 



u{t) = e-'^"*/2Mo + t [ 



e-'^°(*-^)/V(s)|\(s)ds, 



u{t = 0) = Mo G H^'\R). 



Here Ho is the self-adjoint operator — ^ on M with domain 

D{Hq) = {f E : f and /' are absolutely continuous, /', /" G L^}. 

Unless stated otherwise, whenever we discuss a solution of (11.41) in 
(mi with boundary conditions in H^'^{M^), or in 
if^'^(]R), we always mean the global weak solutions described above. 
On a number of occasions, however, particularly in our motivations 
for the Bikbaev and Tarasov's method, we will also consider classical 
solutions to HNLS^, etc., i.e., the solutions which are with respect to 
X and with respect to t. In addition, on a few occasions, we will also 
need to consider solutions of NLS in H^'^{M), k > 1, where H'''^ = {-u G 
L^(M) : u,u',--- are absolutely continuous, u^''\x) , u{x) G 

L2(M)}, A; > 0, j > 0. We will show that ([H]), ([L9D and ffTTOD 
indeed have unique solutions in H^'^, in Section [2] below. Moreover, 
the solutions u(t) = u(t; uq) of these equations depend on the initial 
data Mo, uniformly for t in compact subsets of {t > 0}. 

Theorem 1 (Asymptotics of u{x,t) as t — )■ oo). Let < |g| < /iQ. 

Suppose thatu{x,t) is the (unique, weak, global) solution of the equation 
(11.41) with initial data 

u{x, 0) = v^q{x) + ew{x), 

where w is even and \\w\\hi-a{m.) < c. Let Uq{x) be the Bdcklund ex- 
tension of u{x,0)\m.+ to M with respect to q. Let a{z) and r{z) be the 
scattering function and the reflection coefficient ofuQ^x), respectively. 
Denote zq = \x\/t. Fix < k < | and M > 1. Then, there exists an 

Xo = Xo(/^o) > such that the following holds: For any < e < xolo'l^; 
a{z) has one simple zero if q > and at most two simple zeros for 
q < 0. In both cases the zeros lie in iR+. We denote the zeros by 
z\ = ifii, Z2 = ifi2- Set 



(1.11) 




and 



(1.13) ' \l + Q ' ' ^^j-q ' 

for j = 1, 2, where pi is described in fl7.28p if a{z) has one zero, and 
Pi, P2 are given in fl7.32p if a{z) has two zeros. Let ki, k2, pi, P2, Ps 
and Pi be given m (I612D . (I6T4D . (17:301) and (17:351) . 

(i) Suppose that a{z) has one simple zero at zi = ipi G iM^ as given 

• For \x\ < M and t > 1: 

(1.14) M(x,t) =e'(^?*/'+^i+'^)t;^,(x) + 0(e|g|-^r(H-)). 

• For \x\ > l/M and t > 1: 

(ii) If a{z) has two simple zeros at Z\ = ipi, Z2 = ip2 (/^i > /U2)j set 
T=\q\Vi. 

• For \x\ < M, as T ^ 00: 

u{x,t) = e^('^'*/2+^^+'^Visech(/iia; - tanh-^q/ pi)) 

~ ■^ol + |1 + ^iSol 

(1.17) So 



where 

2pi vf — Of 



/ii - /W2 li'fp + 1 
For |x| > l/M, as T ^ 00: 

/ _ 2/ii(i)f +pi)(p^i;f + 1) 2/i2Sis^ 



(1.18) |t)f +pi|2 + |p2t)J^ + l|2 |5^|2+|52|2 

where 

^g^l ^_ 2/ii (p20J^ + l)(0f +P3) - (t>f +Pl)(P4l^2 +1) 



and 
(1.20) 



P1-P2 lOf + 1^201 + 1|^ 

51 = Of + P3 - (P2£'f + 1)S, 

52 = P40f + 1 + (Of + pr)s. 
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Remark 1.2. This result should be compared with |FIS05j where the 
authors obtain the long-time asymptotics for the solution of NLS on 
half-line using the method introduced by Fokas |Fok02j . 

Remark 1.3. For q < 0, case (ii) is generic in the sense that there exists 
an open dense subset U C i7^'^(R^) such that any w E U falls into 
case (ii) for all sufficiently small e > 0. 

Remark 1.4. If e = 0, we have /ii = /io, Pi = 0, r{z) = and hence 
h = 0, 6i = 1. This matches the exact solution u{x,t) = e*''o*/^f (x) 
for X G M. 

Remark 1.5. If the initial data has sufficient smoothness and decay, the 
error term can be sharpened to order 0(e|g|~2 f |1.14p . f ll.lSp and 

dns]). 

Remark 1.6. As we will see in the proof of the Theorem, f ll.lSp and 
f ll.lSp hold for all x G M. In the overlapping region 1/M < \x\ < M, 

as zq = 0{t~^), 

6\ = 1 + 0{eH-^) and ki = 0{r{zo)) = 0{e\q\-h-^), 

and hence Pi,P2 = 0{e\q\^^t^^). This implies that f ll.l4p and fll.lSp 
are consistent. In the case that a{z) has two zeros, it is easily verified 
that f ll.l6p and f ll.lSp match as well. 

Remark 1.7. It can be verified that the leading terms in f ll.l6p represent 
the 2-soliton solution for NLS (cf. [FT87] l 

When e = q, the following result recovers, in particular, (11. 7p and 
provides a more detailed description of the asymptotics of u{x,t) for 
all t < 

Theorem 2 (Asymptotics of u{x,t) for t ^ g^^, q small). Suppose 
u{x,t) solves (11. 4p with initial data 

u{x, 0) = Vf^^X^) + qw{x), 

where w{x) is real, even and ||u^||hi,i(ir) < c. Let Uq{x) be the Bdcklund 
extension of u{x,Q)\^+ to M with respect to q and let a{z) he the scat- 
tering function of Uq{x) . Define 



"^0 = J w{s)ds, ^1 = y w{s)vi_,o{s)ds, 

^''''^ K{z) = -Re r e-%(.) ^'-'^^^°f"^l^°^^-^° d.. 

Jo ^ + /^o 

Denote r = \q\\/t and Zq = \x\/t. Fix C,M > 1. Then, there exists a 
qo = qoipo) such that the following holds: For any < |g| < qo, a{z) 



has one simple zero if q > and at most two simple zeros for q < 0. 
In both cases the zeros lie in i]R+. We denote the zeros by Z\ = ifii, 
zi = ifi2. Set 



:i.22) 



Vl 



V /ii + g 
Let pi and p2 be given in (18. 5p . 

(i) If a{z) has one simple zero at Zi = i^i G iM"^, then fii = fi^ + qwi + 

0{q^). Moreover, 

• for the region |x| < M : 

(1.23) 



u{x, t) 




gwo\/ — (e* sech nix — e * tanh nix 



+ 0(^^(t~3 + + r| logr|) 



■Vi 

3'^''/\,{x) + 0{q'), 



t < -\q\ 



where 0(x, t) = -x^/{2t) + /i^t/2 + tt/A. 
• For \x\ > 1/M : 
(1.24) 



u{x, t) 



i{zo - i^ii)p 



2fii{vf + pi){p2vf + 1) 



^'^"'^\Ax) + 0{q' 



\v'f + \p2Vf + Ip 

+ 0(^(t-^ + \q\-2 + r| logri)), t < ^\q\ 



(ii) If a{z) has two simple zeros Zi = ifii G zM^ and Z2 = 1^2 ^ ^M^: 
necessarily q < 0. In this case, /xi = /iq + qwi + O(g^) and fi2 = 
—q + 0{q^). Moreover, the asymptotic behavior of u{x,t) is the same 
as in one-zero case up to error estimates in (I1.23P and f ll.24p . 

Remark 1.8. As we will see in the proof of the Theorem, (ll.24p holds 
for all X G M. 

Remark 1.9. The results in Theorem [T] and Theorem [2] are complemen- 
tary to each other. The asymptotic form (I1.14p . for example, provides 
a decay rate in the error term as t — )■ 00 whereas (ll.23p does not. If 
t ^ |g|~^, however. 
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Hence the solution is described in greater detail by f ll.23p in this region. 

Remark 1.10. The above result shows that, in both cases, whether a{z) 
has one or two zeros, the leading terms are the same for t <^ In 
particular, in the case that a{z) has two zeros, the contribution from 
the second zero is not noticeable for t -C \q\~^- The one-zero case and 
the two-zero case indeed behave differently, however, for larger times, 
t ^ l^l"^ (see Theorem!!]). Hence the critical region where the solution 
changes its behavior is t ~ g^^. 

Remark 1.11. The determining role played by the parameter r = \q\\/i 
can be traced, at least at the formal level, to the following observa- 
tion: the Backlund transformation taking NLS from the half line to the 
full line introduces terms of the form — r^, which are small away from 
z = =Fg. On the other hand the solution of the Cauchy problem involves 
integrals of the form J /(^)^J^e~**^ from which we see that the lead- 
ing order contributions take the form ~ /(=i=ig)e'*''^/^ = /(=Fig)e*^^''^, 
in which the role of r is prominently displayed. 

Remark 1.12. Note that in the cross-over region, ^ < t < C the 
formulae fll.l6p . f ll.lSp . fll.23p and f ll.24p describe the solution only up 
to an error 0{q^) = 0{t^^). 

Remark 1.13. Holmer and Zworski |HZ09j used A = /io + qwi in (11. 7p 
to describe the evolution of solutions to (11. 4p for time interval 1 <^t < 
c|g|"2/^(< c|g|"2). From ([11231) we see that as = A + 0(g2), 

which agrees to leading order with the result (ll.7p of |HZ09] for times 
t <C |'?|~^''^- Of course \q\~'^^'^ <^ |'?|~^''^; and we see in particular that 
the result in |HZ09] is in fact true in the larger interval 1 ^ t ^ 
In order to describe the asymptotics up to time t ~ \q\~^, however, we 
need to use the more accurate frequency /i^ in place of A^ in (II. 7p . 

In order to gain some perspective on the nonlinear problem (11.30 (II. 2p . 
it is useful to consider first the linear case: 

iut + \^xx = 0, X > 0, t > 0, 

(^•2^) m(x,0) = Mo(x), X > 0, 

Mx(0+,t) + gM(0,t) = 0, t>0. 
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for some g G M. Here we assume that uo{x) is smooth and decays 
at some appropriate rate as a; — ?■ oo. The standard, functional ana- 
lytic way to solve this problem utilizes the self-adjoint operator = 
—(f/dx"^ acting in L^(0, oo) with the domain D{H^) = {m G L'^{0, oo) : 
u,u' absolutely continuous, m" G L'^{0, oo),Ux{0+) + qu{0+) = 0}. For 
g < 0, Hg has purely absolutely continuous spectrum on (0, oo), but 
for g > 0, has, in addition, an L^(R+) eigenvalue at — g^. The so- 
lution u{x, t) of (11.251) is then expressed in terms of the spectral theory 
of as follows: for g < 0, 

POD 

(1.26) uix,t)= / e-**^'/V(^)/,(x,^)d^, 

Jo 

and for g > 0, 

/■oo 

u{x,t)= e'''''/hiz)fq{x,z)dz 

(1.27) 

+ 2ge'*^'/2e-^" / e-^%(y)dy. 
Jo 

Here r{z) is determined by the initial data Uo{x) and the functions 
faix, z) = ^—^ — _e_2^ continuum eigenfunctions of . 

In the nonlinear case on the whole line, — oo < x < oo, the method 
of Zakharov-Shabat |ZS72] shows how to solve NLS in terms of the 
spectral theory of the associated Lax operator dx — L where 

On the half line, x > 0, the method of Fokas |Fok89j provides, in an 
appropriate sense, an "if+-analog" of L, and hence a solution proce- 
dure for HNLS^. Alternatively, however, we can try to solve the IBV 
problem by an analog of the "method of images" from electrostatics, 
i.e. we extend the solution u{x,t) to a solution Ue{x,t) of the differen- 
tial equation on the whole real line, in such a way that the boundary 
condition at a; = is automatically satisfied. 

In particular for the linear problem (11.251) we seek a function 
Ue{x,t) that decays appropriately as |x| — t- oo on M such that 

(i) Ue{x,t) solves the Schrodinger equation idtUe + \d1ue = on 
M X M+, 

(ii) Ue{x,t = 0) = ^0(2;), X > 0, 

(iii) {ue)x{x,t) + que{x,t) is an odd function , t >0. 

Condition (iii) immediately implies that {ue)x{0,t) + que{0,t) = and 
so for X > 0, Ue{x, t) is a solution to (11.251) with Me(a;, 0) = Uq{x), x > 0. 
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To ensure (iii) for all t > 0, it is sufficient, by linearity and homo- 
geneity, to verify condition (iii) at t = 0, i.e. 

{Ue)x{-X,0) + qUe{-X,0) = - [{Ue)x{x,0) + qUe{x,0)), X > 0. 

Integrating this relation we obtain 

(1.29) Me(-x,0) = Mo(x) + 2g / e'^^''-'^Uo{s)ds, x > 0. 

Jo 

Set 



;i.30) Ue{x,0) 




X > 0, 

e-''("+^)Mo(s)ds, x<0. 



A direct calculation shows that Ue{x, 0) is indeed and gives rise, in 
principle, to a solution of the Schrodinger equation satisfying (i) (ii) (iii) 
and hence a solution of (11.251) . 

There are, however, some technical considerations. If g < 0, then one 
sees from (11.291) that Ue{x, 0) decays (at a rate dictated by q and ^0(2;)) 
as X ^ —00. This means, in particular, that Ue{x,t) solves a PDE 
on M with initial data in some standard class for which existence and 
uniqueness are easily established. Indeed, one can solve (i) (ii) (iii) using 
Fourier theory (equivalently, using the spectral theory oi H = —d?/dx'^ 
in L2(R)) 



:i.31) u,{x,t) = — [ e'^''-'''/^^uiz)dz 

2vr Jk 



where u{z) decays appropriately as \z\ ^ 00. To ensure the oddness 
of {ue)x{x,t) + que{x,t), wc scc that r{z) = {iz + q)u{z) must be odd, 
from which it follows that 

(1.32) r{z) = I e-"^F(x)da; 

where F{x) = {uo)x{x) + quo{x), x > and F{x) = —F{—x) for 
X < 0. To check (ii), we note that for x > 0, {ue)x{x,0) + qUe{x,0) = 
J e^^^r{z)dz = {uo)x{x) + quo{x) and so e'^^Ue{x,0) = e'^^uo{x) + c. 
Letting x — )■ +00, we see that c = and so Ue{x, 0) = u{x) for x > 0. 
Thus, 



:i.33) 



iz + q 



00 

2 



^^^y^riz){- )dz 

\iz + q —%z + qJ 
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where r{z) is determined from f ll.32p . In other words the method of 
images leads us back to the functional analytical approach using the 
operator H^. If g > 0, however, Me(x, 0) ~ e"^'^' e~^''Mo(s)ds as 
X — )■ — oo so that generically Ue{x, 0) does not decay as x — )■ — oo. Thus 
the method of images breaks down. Said differently, the functional 
analytic solution procedure ( I1.27P for g > cannot be "unfolded" to 
a "method of images" on the whole line with Ue{x) sufficiently smooth 
and decaying. 

The method of |Tar88] [BT9T] |Tar91] to solve HNLS+ is a nonlinear 
analog of the "method of images" : we seek an extension Ue{x, t) of the 
solution u{x,t) of (11.31) such that Ue{x,t) solves NLS, idtUe + ^d'^Ue + 
\ue\'^Ue = 0, on the whole line and the boundary condition {ue)x{0, t) + 
qUe{0,t) = is automatically satisfied. As NLS is not linear (and 
also not homogeneous), choosing {ue)x{x,0) + que{x,0) to be odd no 
longer works. The situation is more subtle: The key ingredient in 
[Tar88j [BT91j |Tar91j is the notion of a Backlund transformation. As we 
will show (see Remark 14.3 II below), the method of [Tar88j [BT9 1J [Tar9T] 
is not just a nonlinear analog of the method of images for (ll.25p . but 
in fact a nonlinearization of the method in an appropriate sense. 

We recall (see e.g. |RS02j ) that a Backlund transformation refers 
very generally to a mapping B whereby a solution, say u, of one dif- 
ferential equation is transformed into a solution, say v = B{u), of 
another equation. The two equations may be the same in which case 
B is called an auto-Backlund transformation. Backlund transforma- 
tions have their origin in the transformation theory of pseudospherical 
surfaces by Bianchi and Backlund in the 1880's. (For such surfaces 
the equation that underlies the theory is the sine-Gordon equation (see 
|RS02j ).) In the modern theory of integrable system, in particular, 
the Backlund transformation has emerged as a major tool. The map 
u B{u) = —u is a trivial auto-Backlund transformation for NLS: 
More interesting, for example, is the transformation (see e.g. |Dei78] ) 
w where 

(L34) W^(--^) = -2^1og-(x,t), 

w(x,t) = e^ + ae"^ a > 0, 6 = I3x - AjSH, /3 G M, 
which takes the solution w{x,t) of the (integrable!) linear equation 

wt + Aw = 
into a (soliton) solution W{x,t) of the KdV equation 

Wt - 6WWx + Wxxx = 0. 
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The idea in |Tar88] |BT91] |Tar91] is to use a Backlund transformation 
to extend the solution u{x,t) in x > to NLS fll.3p to a solution 
Ue{x,t) on the whole line, in such a way that the boundary condition 
Me(0, t) + que{0, t) = is automatically satisfied, as desired. In addition 
the transformation should be such, as in the linear case, that the ex- 
tension Ue{x, t) is smooth and decays as x — )■ ±oo so that the standard 
methods of scattering/inverse scattering theory, and hence Riemann- 
Hilbert methods can be applied. Riemann-Hilbert theory provides the 
precise analog in the nonlinear case of the Fourier transform method 
given in f ll.3ip . As in the linear case (cf. g > 0), however, there are lim- 
itations on the applicability of this "method of images." (see Remark 
S37] below) 

The paper is organized as follows. In Section 2, we prove the exis- 
tence of solutions of equations (11. 8p . (II. 9p and (ll.lOp . In Section 3, we 
describe the scattering and inverse scattering method for the focusing 
NLS equation on the line using Riemann-Hilbert techniques. In Section 
4, we discuss Backlund transformation and the method of Bikbaev and 
Tarasov to solve NLS on the half-line with boundary conditions (II. 2p . 
A significant part of this section involves the rephrasing of the method 
of Bikbaev and Tarasov as a RHP. In Sections 5, 6 and 7, we apply the 
steepest-descent method for RHP in |DZ93] [DZ03] to analyze u{x,t) 
as t — )■ oo. (cf. Theorem [1]) Finally in Section 8 we combine the re- 
sults from Section 4 together with Riemann-Hilbert method to obtain 
a more detailed description of the solution u{x, t) for times t = Oi^q'"^) 
(cf. Theorem [2]). 

We need to clarify a point of terminology. We have defined a Backlund 
transformation very generally as a mapping which takes solutions of one 
differential equation into the solution of another differential equations. 
In particular, by (I4.10p . the map ip ip = {z+P)ip is a Backlund trans- 
formation taking solutions of {d^ — L)iIj = to solutions of {dx — L)ilj = 
0. But dHUD also shows that - L = {z + P){d^ - L){z + P)'^ 
is invertible if and only if dx — L is invertible (apart, possibly, from 
points z in the spec(-P)). Said differently, the operators {ia)~^{dx — Q) 
and {ia)^^{dx — Q) are iso-spectral (modulo points in spec(-P)). Such 
iso-spectral transformations are usually referred to in the inverse scat- 
tering community as Darhoux transformations. There is considerable 
freedom in the choice of Darboux transformations, and we see that the 
Backlund transformation that we utilize in this paper taking solutions 
of NLS to solutions of NLS, are constructed from Darboux transforma- 
tions dx — L h-^ dx — L with a specific choice of parameters. The choice 
of parameters in the Darboux transformations, depends in general, on 
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the tack at hand. For example, a different choice of parameters gives 
rise to an operator — L with poles added in or removed from the 
spectrum of — L. Such Darboux transformations are discussed in 
the appendix. 



2. Solutions of equations (Ol) . ( fL9l) and f ll.iop 

Theorem 3. Solutions to equations (11.81) . (II. 9p and (ll.lOp in H^'^ 
H^'^(R'^) and H^'^(R) , respectively, exist and are unique for all t > 0. 

The proof of this theorem is (essentially) standard. For the conve- 
nience of the reader we provide some of the details for HNLS^ (II. 9p . 

We proceed in steps. Let Ut = e~'^^^^/'^ be the one parameter unitary 
operator generated by H'^ in L^(M"'"). If u{t) = u{x,t) solves (11.90 . set 

u(t) = U^tu{t) = Uq + i / U^s\u{s)\'^u{s)ds. 

Jo 

For any G C^(0, oo), as Ut is unitary in L^(R+), 
|(0,«(t)) = |(f/_,0,ii(t)) 

= ( - '-U^tH^^,u{t)) + {u^t4>,^u^Mt)\Mt)), 

where {f,g) = /q°° fg is the standard inner product in L^(M+). Thus, 

(2.1) = + ^('^' \^(^)\Mt))- 

Let X = C([0,T],/7i'i(M+)), < T < oo, denote the set of contin- 
uous maps from [0,T] to if-'^'^(]R''"). Equip X with a norm, ||f ||x = 
supo<t<T ll'^(^) ll-f/i'HiK+)- ^'^^ ~ "^i^) ^ define an operator 

{T^v){t) = Utv{0) + t [ Ut^Ms)\Ms)ds, 0<t<T. 



Step 1 (Local existence and uniqueness): Tg is a locally Lipschitz con- 
tinuous mapping from X to itself. 

From standard spectral theory (see |CL55j ). we have 

(2.2) ^ 

+ 2q{ I e-^^w(i/)di/)e-«"+'^'*/2^ w e 1^'^+} 



oo 



14 PERCY DEIFT AND JUNGWOON PARK 

for g > where 



q — iz 



IXZ 



Wq[X) = 



If g < 0, the second term is omitted in the spectral representation 
(12.21) . As Ut is unitary in L^(]R+), ||f/tU^||L2(K+) = ||w||i2(]g+). Now for 
w e H^'\R+) define 

w'{x) + qw{x), X > 0, 
— {w' {—x) + qw{—x)), X < 0, 

Then, a direct calculation shows that 

(2.3) (Utw), = e-^^«*/2«;,. 

As e~*^°*/^ is unitary in L^(M), it immediately follows that || {Utwy\\L2^^+) < 

Moreover, by using integration by parts, we obtain 
||x(t/tw) ||i2(-]8+) < {c2t + C3)\\w\\H'^.i(^+y Assembling the above results, 
we see that ||f/iw||ffi,i(M+) < (c4t + C5) and hence for u e X, 

< \\Utv{0)\\Hhi(R+) + / \\Ut-s\v{s)\'^v{s)\\H^,^K+)ds 



< (C4t + C5)(^||w(0)||^^i,i(K+) + J \\\v{s)\ v{s)\\Hh^R+)ds j. 

Thus, \\Tgv\\x < {C4T + C5){1 + C6T\\v\\j,)\\v\\x < 00. For vuV2eX, 

\\TgVl - TgV2\\x 



(2A\ < sup / \\Ut^s{\Vl{s)\ Vi{s) - \V2{S)\ V2{s))\\m,i(ji+)ds 

^ ' ' 0<t<TJo 

< crT^c^T + C5) sup (ll^^ill^i.o + ||t;2||^i.o)ll^i - ^2|U, 

0<t<T 

where H^'^ = {w E L'^ : w is absolutely continuous G L^} is the first 
Sobolev space. This proves Step 1. But then, it follows by a standard 
fixed point argument that there exists a unique (weak) solution to 
HNLS+ locally in H^'\R+). Let u{t) = u{x,t), < t < T, he the 
solution to HNLS+ with u{t = 0) = uq G H^^'^{R+). 

Step 2: If Mo G if^'"'^(M^) and u'q G L^(]R^), then Ux{x,t) is continuous 
in X G M"^ and the boundary condition Ux{0+,t) + qu{0,t) = holds 
for all t > 0. Moreover, 

(2.5) |M^(x,t)|<^, 0<t<T, 0<r<cx). 
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From (11. 9p and (12. 3p . we have 

(2.6) (M(t)), = e-^^°*/2^Mo), + ^ f e-'''"'^'-'^/\\u{s)\\{s))gds. 

Jo 

For w e iJ^'i(]R+) such that w' E Li(]R+), observe that Wg E L^(M). 
Using the classical formula for the kernel of e"*^''*/^, we obtain from 

o, 

(2.7) {Utw)g = J—^ [ Wg{s + x)e'^^-^^Ms, t > 0. 

Hence, {Utw)q is continuous in x and \ {Utw)q\ < :^||u;g||Li(R+)- Setting 
w = Mo in (12. 7p . we see that the first term in (12. 6 p is continuous in x. 
Clearly \u{t)\'^u{t) E H^^\M+) C L\m+) and {\u{t)\'^u{t))' E L\W^). 
As ^^^7= is integrable on [0,t], < t < T, the second term in (12. 6p is 
also continuous in x. Thus, {u{x,t))q is continuous and, as u{x,t) is 
clearly continuous, we conclude that Ux{x,t) continuous. As Wq is odd, 
it follows from (12. 7p that {Utw)q{x = 0) = and hence the boundary 
condition M^(0+,t) + gM(0+,t) = 0, < t < T, immediately follows 
from ([21]). 

Step 3 (Conserved quantities): M. = \u\'^dx and Ti = — 
l^l^dx — ^[^(O)^ are constant in t. 

The usual approach here is to prove by direct calculation that A4 
and T-L are conserved for classical solutions (with smooth initial data), 
and then to use an approximation argument. However, the existence 
of classical solutions for HNLS^ does not appear to be an elementary 
matter. The technical issue is that if a smooth function u satisfies the 
boundary condition u'{0) + qu{0) = 0, then \u\'^u in general does not. In 
other words, although \u\'^u is smooth, \u\'^u may not be in the domain 
of the operator and so an iteration in a higher Sobolev space fails. 

On the other hand, classical solutions to (11.90 satisfying the bound- 
ary conditions, with arbitrary orders of smoothness and decay, can 
indeed be shown to exist (see Remark 14.341 below). The proof of the ex- 
istence of such smooth solutions, relies ultimately on Riemann-Hilbert 
methods, (cf. proof of Proposition I4.34p Such solutions could be used, 
in particular, to verify Step 3 for general u E i/^'^(M^) by approxima- 
tion as just described. However, we will present a direct proof of Step 
3 which does not use approximation by smooth solutions. Relying on 
Riemann-Hilbert techniques to prove the existence of global solutions 
of (II. 9p does not seem appropriate. Even more to the point, similar 
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issues arise in the analysis of f ll.Sp . In this case, solutions to the equa- 
tion which are smooth enough to yield a direct proof of the constancy 
of Ai and T-L, are not even known to exist for general (non-even) data 
(cf. Step 5 below). So one needs the analog for (11.81) of the proof given 
below, to prove global existence. 

Suppose first that uq G H^'^{R'^) and Uq G L-'^(]R+). As Ut is unitary, 
we have for u(t) = U-tu{t), 

— / |-u| dx = — / 1^1 ax = Utu + uutdx 



dt Jq dt 

"OO 



{iU-t\u\ u)u + u{iU-t\u\'^u)dx 



CO 

2„ 



{i\u\ u)u + u{i\u\'^u)dx = 0, 
and hence \u\'^dx is constant. For Ti, we first have 

/oo roo 
\uq\'^dx = / \ux + qx\'^dx 



poo poo 

/ \ux\'^dx — q\u{0,t)\'^ + q"^ / Iw^dx. 
Jo Jo 



On the other hand, again as e^^°^/'^ is unitary in L^(R), it follows from 
(12.61) and the oddness of Uq{x) that 

d f°° 



2dt L " 2dt 



1 f e'Hot/2^^(^^iHot/2^^-^^ ^ e'''°'/\g{e'Wug)tdx. 

2 ./hi 



- / Ug{\u\ U)q-Uq{\u\ u)qdx. 



i I {ux + qu){{\u\'^uy + q\u\'^u) 

— {ux + qu){{\u\'^uy + q\u\'^u)dx. 



poo 

I — ifu^dx = D{t) 

Jo 
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Hence, by f l2.8p together with the fact that |Mp is constant, 

(2.9) |(^"K|Ma;-g|w(0,t)p) =D(t). 

Let j{x) be any C°°-function supported on (—1, 1) such that j > and 
J^j{x)dx = 1, and set je{x) = 7j(f )• For any function w G if^'"'^(]R+), 
denote We{x) = je{x — y)w{y)dy. Note that je{x — y) E C^(0 < 
y < oo) for X > e. Hence from fl2.ll) . we have for x > e, 

Thus, integrating by parts and noting that {ue)x = {ux)e for x > e, we 
obtain 

d 

(2.10) di 
where 



D,{t) + 5\{t) + 5l{t), 



5\{t) = i[ulu,{u,)x-ulu^{u,)x){t), and 

j'QO 



As je is an approximate identity, we see that for each < t < T 6l(t) 
and 52(t) — )■ as e J, 0: here we need the fact that Ux{x, t) is continuous 
in X and satisfies the boundary condition Ux{0+,t) + qu{0,t) = 0. 
Also -De(t) — )■ D{t). Moreover, it follows from (12.51) . and the fact 
that t I—)- u(t) is continuous, and hence bounded for < t < T, that 
D^(t) + 6l(t) + (^) is bounded by uniformly for e > 0. Thus from 
(12:91) and ^AOtl . we obtain 



\ux{x,t)\'^dx — g|u(0,t)|^ — J \u{x,t)\^dx 

/"OO 

|M^(x,0)|Ma; - g|M(0,0)p - / \u{x,0)\^dx 



+ f D{s)-D,{s)-6l{s)~6l{s)ds. 
Jo 



Now it follows by dominated convergence theorem that "H is constant. 

Step 3 for general data uq e i7^'^(]R"'"), then follows by approxima- 
tion, uq ^ Uq = UqXb.1 R CO) where xb. ^ C'^fO, oo), Xni^) = 1 for 
< X < R, and Xr{^) = for x > + 1. 
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Step 4 (Global existence: The solution u{x,t) of HNLS^ in if-'^'^(]R+) 
exists globally for alH > 0. 



From the basic estimates, we have for any constant M > 0, 
lkllioo(K+) < 2||n||i2(]g+)||u^.||2,2(K+) < MM + -j^\\ux\\l2(M+), 



and hence 



I l|2 

\'^x\\l'^(R+) 



POO 

n+ \u\^ + q\uiO)\' 
Jo 



< \n\ + (^MM + ^\\u^\\l.^^+)){M + \q\). 

Thus, if we set M = 2(A^ + |g|), then, as M and Ti are constant, 
||'?^a;||L2(]K+) is Uniformly bounded. 

As Lipschitz constant in fl2.4l) depends only on the iJ^'^-norm of 
u{t), it follows by standard arguments using the a priori bound on 
t)||L2, t)||2,2 that the solution of HNLS^ exists globally. 

Step 5: Set Uo{x) = Uo{\x\) and u{x,t) = u{\x\,t), X E M. Then, ^(x, t) 
solves (11.81) with u(t = 0) = uq. 

The proof follows immediately by applying the following result, 

(2.11) (e-*^'*/2^)(x) = {e~'"^'^^w){x), x>0 

for any w G L^(]R+), and w{x) = w{\x\). This identity follows directly 
by using the spectral representation (12.21) for e"*^"? and the spectral 
representation (cf. jCL55j ) 

(e-'"'''/^w){x) 

Jm z -\- q 

+ q[ f e-^l^lt&(|/)d?/)e-''l^l 

in the case g > 0, where fi{x,z) = e"'^, x > 0, and fi{x,z) = (l + 
^^gixz _ j_^-txz^ X < 0, and f2{x,z) = fi{—x,z). In the case q < 0, 
the second term is omitted. 

For NLS on the line, solutions to IVP exist globally in H'^^'^iM.) for 
all k>l. 

Proposition 2.1. Let uq G H'''''{R), k > 1. Then NLS on R has a 
(unique) solution with u(t = 0) = Uq in H'''^{R), i.e., there exists a 
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continuous map t t-^ u{t) E if^'^(]R) C H^'^(R), u{t = 0) = mq such 
that u{t) solves ffTTU]) . 

Remark 2.2. A standard argument shows that if u{t) solves NLS in 
H'''^{R) for /c > 3, then u{t) is a classical solution. 



3. Scattering and Inverse Scattering 

We now recall the Riemann-Hilbert version (see |BC84] |Zho89]fZho98] : 
see also |DZ91j |BDT88] ) of scattering and inverse scattering for the fo- 
cusing NLS equation on the line, 

1 , ,2 

iut H — u^x + \u\ u = 0, t > 0, — oo < X < oo, 

(3.1) t ^ XX \ \ , _ , 

u{x, t = 0) = Uo{x). 

Let L denote the Zakharov-Shabat Lax operator in flL28p above and 
set 



(3.2) E = --z'a--z[ _ ^ +iri_i , , 

The operators — L and dt — E form a Lax pair for the focusing 
NLS equation in the sense that the compatibility of d^ip = Lip and 
dtip = Eijj, i.e. dt{dxi>) = dxidtip) is equivalent to NLS (13. ip . i.e., 
u = u{x,t) is a (classical) solution to (13. ip if and only if dx — L and 
dt — E commute as operators on smooth functions = i^i^^t), i-e., 

(3.3) {dx - L){dt -E) = {dt - E){dx - L). 

Alternatively, NLS is equivalent to an iso-spectral deformation of the 
operator 



(3.4) T = Tiu) = ita)-'{dx- 



u{x) 



-u{x) 

The following facts about solutions ip of Tip = zip, or equivalently, 

u{x) 



(3.5) ipx = Lip = {iza + Q)ip, Q{x) 



-u{x) 



play a basic role in the theory that follows. The proofs are direct 
calculations. Let o"2 = ( ^ ) be the second Pauli matrix. 

Proposition 3.1. Let ip{x, z) solve (13. 5p . Then, 

(i) a2ip{x,z)(T2 also solves (13. 5p and 

(ii) a3ip{—x,—z)a3 solves (13.50 with Q{x) replaced byQ{—x). 
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Of course the factors (72 and as on the right in (i),(ii) can be omitted: 
we include them here in view of the applications that follow. 

The scattering map S (see Definition 13.71 below) maps T to its 
scattering data. We now describe the properties of S when u lies 
in the Sobolev space H^'^ = {u e L'^(R) : u'{x),xu{x) e L'^(R)}. 
This is sufficient for our purpose as we will only consider NLS and 
(11.41) in H^'^. (cf. |DZ03j ) (For the action of S on the other spaces 
e.g. H'^'^ = {u E L^(]R) : u,u',--- ,u^''~^'^ are absolutely continuous, 
u^''\x), x^u{x) G L^(]R)}, > 0, j > 1, or Schwartz space, see |Zho9 8j). 

We use the standard notation C"'' = {Im z > 0}, C~ = {Im z < 0}, 
Ci = (1, 0)^ and 62 = (0, 1)"^. For u G H^'^ and z G C"*", the equation 

(3.6) (f)^ = {iza + Q)(f) 

has a unique column solution = (0i, ^2)^ such that 

(3.7) (f){x, z)e"^/^ ^ 62 as X -> -00. 
As X — )■ 00, 

(f){x,z)e'''''^'^ a{z)e2. 
where the scattering function a{z) is 

• analytic in C"*", 

• continuous in C+ and 

• a{z) — )■ 1 as 2 — > 00 in C+. 

We say that u G H^'^(R) is generic if a{z) is non-zero in C+ except 
at a finite number of points Zi, - ■ ■ ,Zn G where it has simple zeros 
a{zk) = 0, a'{zk) 7^ 0, = 1, ■ ■ ■ , n. The set of generic functions u{x) is 
an open dense subset of H^'^{R) (see |Zho98j[BDT88] ). which we denote 
by Q. Set Z+ = {zi, ■ ■ ■ , Z_ = {zi, • • • , z^}, and Z = Z+U Z_. 

Theorem 4 (Direct Scattering: see |BC84j jZhoQS] : also cf. |BDT88j ). 

Letueg C H^^\ 

(1) For z G C\(RUZ) , the equation Tip = zip has a unique solution 
ip = ip{x^ z) such that 

(i) ^/'(a;, 2;)e~"'^'^ is hounded for x G M and 
(n) tpi^x, 2;)e~"'^'^ I as x ^ —00. 

(2) Points z E Z correspond to L^(R) eigenvalues of T , Th = zh, 
h = {hi, h2)^ G L^(M). Moreover, z = Zk is an eigenvalue if 
and only if z = Yk is an eigenvalue. The associated eigen- 
functions h have asymptotics 

h = h{x, Zk) = (ei + o(l))e*''^'=''^ as x ^ +00, 

= 7(^fc)(e2 + o(l))e""''''=/^ as X -cx). 
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and 

h = h{x,'z^) = (e2 + o(l))e~*^^'=/^ as x +00, 

= 7(^fc)(ei + o(l))e*''^/^ as X -cx), 



w/iere 7(zfc) = -l{zk) 0- 
(3) For all X G M, t/ie solution iIj{x,z) in (1) 

• analytic m C \ (M U Z), 

• /ias simple poles at Z such that 

Res ip{x,z) = lim tp{x,z) ( . [J 



Res_ip{x, z) = \im_ilj{x, z) (|? '^(^fc) j 

2 = 2fc 2-S>2fe U J 



where c{zk) = 'y{zk)/a'{zk), c{zk) = -c{zk), k = I,-- - ,n, 
and 

• has continuous boundary values 'ip±{x, z) = lim?/'(x, z ±ie), 
2; G M, satisfying the jump relation 
(3.8) tlj+{x,z) =ip^{x,z)v{z), zeR, 

where the jump matrix v{z) has the form 
'\ + |r(z)p r{z)^ 



(3.9) v{z) - . 

y ryz) 1 

and the reflection coefficient ri^z^ G H^'^ . 
(4) For all x G 

• '?/'(x, 2;)e~*^^'^ I as z ^ 00 in C+ or m . 

• '?/'(a;, 2;)e~*'^^'^ = / + "^'"j'^^ + o(^) as z ^ 00 in any cone 
\lmz\ > c|Rez|, c > 0. 

Remark 3.2. A solution of T?/^ = z?/), 2; G C\M, satisfying (l)(i)(ii) is 
known as a Beals- Coif man solution. For emphasis we denote ip = ipse- 

Remark 3.3. Note that as the vector field in fl3.6p has trace zero, 
detip{x,z) is independent of x. Hence by (l)(i), 

(3.10) det ^{x, z) = 1, for all x G M, z eC\{RU Z). 

Remark 3.4. If m G if^'^(M) is not generic, the zero set of a{z; u) can 
be extremely complicated. For example see |Zho89] . Let zq > ()he an 
arbitrary positive number and let e > be small. Let = {2 G C"^ : 
|z — zo| < f}- Let a{z) be any function which is analytic in , contin- 
uous up to the boundary dD^ , and non-zero in dD^ flC"'". Then there 
exists u in Schwartz space, iS(M), such that A = {2 G : a{z) = 0} C 
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spec{T(M)}. Thus we see, in particular, that there exist a Schwartz 
function u with L^(M)-eigenvalues {z^} C C"*" accumulating at essen- 
tially arbitrary rates onto the real axis. The long time asymptotics of 
solutions of NLS with such initial data u, is correspondingly extremely 
comphcated and not yet fully understood. This is in sharp contrast to 
the case where u G ^(see below). 

We note that the second column of 2;), z G C^, is in fact the 
solution = (01,02)"^ in (13. 6p (13.71) above. Define 



a{z) = a{z), z E C . 

The asymptotic behavior of iIj{x, z)e~'^^^^ in (l)(i)(ii) above is in H^'^ 
in the following sense. 

Proposition 3.5. Let z e C \ (RU Z) . Let x^ix) be a function 
such that < x+ < 1, x+(a;) = 1 for x > 1 and x^{x) = for x < 0. 
Let X = 1 ~ X^- Then, 

ix,z)e-'^^''-I)x-\\m^<ciu), 

{x,z)e-^^^- - a{zr-^)x+)\\Hr.i < c{u), 



Proof. Let z G \ Z. The other case z G \ Z is similar. Let 

m{x,z) = (mi, 777,2) = ip{x, z)e~^^^°' . Then (cf. [BC84j . [Zho98] ). as 
a{z) 7^ 0, mi, m2 are obtained as solutions of the following Volterra 
integral equations 

(3.11) mi{x,z) =a{zy^ei- (^J ^iz^y-x)^ ^mi{y,z)dy, 
and 

/g-iz{y-a;) o\ / u\ 

to ij [-U oj "^2(y,^)d?/, 

We consider (I3.12p : the analysis of (13. lip is similar. The solution 
m2(x, 2;) of (13.121) is obtained by standard iterations, which yields the 
bound 

(3.13) sup \m2{x,z)\ < e/-°°c» 

Writing m2 = ((m2)i, (^2)2)"^, (I3.12p becomes 

(3.14) (m2)i(x,^)= r e-'<y-My)im2)2{y,z)dy, 



and 

(3.15) (m2)2(x,z) = 1 - / u{y){m2)iiy,z)dy, 
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From Lemma 13.61 below, 

||("^2)l||//i.i{R) < C||u(m2)2||//0,1(K) < C|| (7712)2 ||l-'(M)||m||//0,1(m), 

and hence from Lemma 13.61 again, 

||((m2)2 - 1)X"||//1>1(R) < c||M||^o.i||(m2)l||//i,i < c||M||^o,i||(m2)2||L-- 

As a; —7- 00, we re- write f l3.15p as 
(3.16) 

/oo poo 
u{y){m2)i{y,z)dy + / u(y)(m2)i{y, z)dy. 
00 J X 

The quantity 1 — J^^u{y){m2)i{y, z)dy is precisely a{z). Arguing as 
above we see that 



||((m2)2 - a{z))x^\\Hhi(R) < c||M||^o,i||(m2)2| 



This completes the proof of the Proposition. □ 
Lemma 3.6. Let f{x) G H^'\R), g{x) G H^^\R) and q > 0. Then, 



f{y)9{y)^y 



(x) 



/fi.i(R+) 



< c||/||/^o,1(M+)||5'||hi.1(IR+); 



f{y)e~'^(y-(-))dy 



(x) 
(x) 



<c\\f\\HO 



f{y)e-'^ii-)-y)dy 



<c\\f\\HO 



where c depends on q. 
Proof. For x > 0, 



f{y)9{y)^y 



< 



< 



00 „,2 



y' + i 

X2 + 1 



\f{y)My)\dy 



X2 + 1 



i/o>i(IR+)ll5'l|//o.i(R+)- 



and hence we obtain the inequality for || /^^ fg\\^o^^^^+y As £ fg = 
—fg, the first inequality follows. For the second inequality, observe that 



fiy)e-^(y-^^dy= / fix + y)e-'^ydy. 
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and hence by Minkowski's inequality, 



(1 + 1(^)1) / me 



(x) 



< 



Ul + \{x)\)f{{x)+y)\ 



L2(] 



-gy 



dy 



< c 



HO.ii 



'l + y)e-^ydy<c\\f\\Ho.u 



,q{x-y) _ _ 



f ~^ ^fe'^^^ which hes in L^, again by 



Now, # , 

' ax Jx 

the Minkowski's inequahty. This proves the the second inequahty. A 
simple change of variables shows that the third inequality follows from 
the second inequality. □ 

In |ZS72] the authors consider solutions of the Lax equation T0 = 
z(f) which are different from, but related to, the boundary values of the 
Beals-Coifman solutions 'ip±{x,z) = 2;), \l/2±(a;, 2;)). For 2; G M, 

set 



(3.17) 
Then T^^ 
(3.18) 



ip^{x,z) = {a{z)iJi^{x, z), a{z)ij2-{x, z)), 
^~ix,z) = {^lJi_{x,z),ip2+{x,z)), 
-- zipi, z eM. and ip^i^x, z) have asymptotics, 
m^{x, z) = i'~^{x, z)e""'''^ I as X +00, 
mT (x, z) = ip' {x, z)e~*^^'^ — > I as x — )■ —00, 



Moreover, the solutions ip^, z G M, are uniquely determined by the 
conditions (13.181) . From Proposition 13.11 

iIj^{x,z) = ia2ipf{x,z) = 



(3.19) 



1 
-1 



As detip'^i^x, z) = 1, z G M, we conclude that for x, z G M, 

(3.20) ll^f (x,z)f = \{^PfUx,z)\' + \{^f)2{x,zr = 1, J = 1,2 
A direct calculation using the jump relation for tlj± shows that 

(3.21) ^+(x, z) = ip-{x, z)S{z), zeR 
where 5* is the scattering matrix and 



S{z) 



a{z) —b{z) 



We have 
(3.22) 



^b{z) a{z) 
\a{z)\^ + \b{z)f = detS{z) 



b{z) = a{z)r{z), z G 



z G 
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Note that if u is generic, a{z) 7^ for 2 G M and as a{z) — )■ 1 as 
\z\ 00, < c < 1. Let 

(3.23) r+ = {7(^fc),ZfeGZ+}. 

Knowledge of (a, 6, r+) is equivalent to the knowledge of (r, Z+,K+). 
Indeed if a, 6 and r+ are known, then clearly r{z) = b{z)/a{z) and 
c{zk) = 1''(zl) ' ^ = 1) ■ ■ ■ are known. Moreover, Z+ is just the set of 
the zeros of a{z) in C+. Conversely, as |a(z)|~^ = 1 + |r(z)p, it is easy 
to verify that 



Z- Zk 



(3.24) a{z) = Y[ —e 



l{z) 



Z — Zk 



where 



(3.25) liz) = / ' " " ' ds, zeC 

2Tn .L s - z 



1 /•log(l+|r(.)p)_^^ 



But then h{z) = a{z)r{z), z G M, and using the above formula (13.24p 
it is easy to deduce that 

(3.26) beH^'\R). 
Also, 

(3.27) 'j{zk) = c{zk)a'{zk), k = l,---,n. 

We will use this fact repeatedly below without further comment. The 
solutions ijj^ are called the ZS-AKNS solutions of Tip = zip (see 
|AKNS74] ). fl3.17p shows that V'l' and 7/'^, the first and second columns 
of and ^ respectively, have analytic continuations to Also, 
ipi and ip2 = a{z)ilj2_,{x, z) = a{z)ip2-{x, z) and ■j/'^ have analytic con- 
tinuations to C~. Whenever we mention ZS-AKNS solutions in the 
sequel for 2; G C \ M, we always mean the analytic continuations of ■?/'"'", 

and ip^ , ip2 to (respectively C~). Note that 
(3.28) 



ipzs{x,z) 



(V^^(x,2;),?/'2 (a;,2;)) =ipBc{x,z) (^^^^ J 



z G 



i'iplix,z),lljt{x,z)) =1pBc{x,z) ^1^), ze 



In particular, as det ipBci^, z) = see that 

a{z), z G 



(3.29) det iJzs{x,z) 



a{z), z E C 
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Also, from f l3.2ip . we see that 

(3.30) b{z) = det{ilj^,'^t){x,z), z eR. 

Clearly by (13 .29 p . a{z) = for z G C+ if and only if tp^ is propor- 
tional to ijj2 ■ But as tpf and ^/^^ decays exponentially as x — t- ±oo, 
respectively, we see that a{z) = 0, z E C+ if and only if z is an 
L^(M)-eigenvalue of the operator T. Similarly for z G C~, a{z) = 
if and only if ip^ is proportional to ■ Also, a{z) = if and only 
if z is an L^(M)-eigenvalue of the operator T. Let K = U = 
{c{zi), ■■■ , c{zn)} U {c(2r), ■ • • , c(^)}. 

Definition 3.7. The scattering map S takes u E Q to its scattering 
data S = S{u) = (r, Z+, K+) 

H^'^ dGBu^ S{u) = {r{-,u),Z+{u),K+{u)) G H^'^ x x (C\0)". 
where n = n{u) depends on u. 

The inverse scattering map is constructed by solving a normal- 
ized RHP (see |BC84j . [Zh598]). The use of RHP 's to solv e inverse 
scattering problems, goes back to the work of Shabat |Sha75] . For any 
n > 0, let 

• r G 

• Z = Z+iJZ_ where Z+ G and Z^ = Z+ e C!!, 

• K = K+UK. where K+ = {c{zi), ■■■ , c{zn)} G (C \ 0)" and 



K_ = {c(^) = -c(^i), ■ ■ ■ , c{z;;) = -c{zn)} G (C \ 0)". 

r(z) 



Set v{z) = C^^-^^^" t^)andfora;G 

V ' \ r(z) 1 / 



t;^(z) = e'''""^''v(z) = e'"""t;(z)e-'""" 



r^(z) 1 



where r2^(2;) = r{z)e'^^^. For fixed x G M, let m = m{x,z) solve the 
following normalized RHP: 

(3.31) 

(i) m(x, ■) is analytic in C \ (M U Z). 

(ii) m(x, ■) has continuous boundary values on the axis satisfying 

m^{x, z) = m^{x, z)vx{z), z eM., 

(iii) m(x, ■) has simple poles at Z satisfying 

0' 



Resm{x,z) = Urn m{x,z)vx{zk), Vxizk)^,^^. 
z=zk z^zk \Cx\Zk] yj I 



Resm(x,z)= lim_m(x, z)f3;(-2fc), Vx{zk] 

Z = Zk Z^Zk 



Cx{Zk] 
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where c^{zk) = e *^^'=c(zfc), Cr,{zk) = e^''''''c{zk) = -c^{zk). 
(iv) m(x, 2;) — !■ / as 2 — )■ oo. 

Note that, by Theorem |U if u{x, z) is the Beals-Coifman solution for 
u{x), then m(x, z) = ip{x, z)e~^^^" is a solution of the above normalized 
RHP with S{u) = (r, Z+, K+). 

Remark 3.8. If m = m{x,z) solves the above RHP, detm(x,2;) = 1. 
Indeed, as detVx{z) = 1, detm is analytic across M. Also, detm is 
analytic at Zk- this is because the residue condition is easily shown to 
be equivalent to the requirement that m(x,z) = M(x,z)(^I + ^jz^) 
where M{x, z) is analytic and invertible near z = z^- On the other 
hand, det m(x, z) 1 bs z ^ 00 and so det m(x, z) = 1 by Liouville's 
theorem. 

Remark 3.9. If the above RHP has a solution m = m{x,z), then it 
is unique. Indeed, if m = m{x, z) is another solution of the RHP, a 
simple standard calculation shows that the ratio mm~^ is an entire 
function which goes to I as z — )■ 00. By Liouville's theorem, it follows 
that m = m. 

We now introduce a Cauchy operator on M, 

Ch{z)= I zgC\M, 
J^s- z 2m 

C^h{z) = lim Ch{z ±ie), zeR. 

The operators C"^ are bounded, self-adjoint projections in L^(R), ||C=''||l2(]j)^j;^2(]k) = 
1, satisfying the important identity 

(3.32) C+ -C- = id. 

Define the operator on 2 x 2 matrix valued functions 

(3.33) C^h = C-{h{v-I)), heL\ 

Clearly, C„ is also bounded in L^. For x G M, let /i = fixiz) be a 2 x 2 
matrix valued function on M U Z with the following properties. On M, 
all the entries of /i — / = fi{z) — I lie in L^(M) and for each ( & Z, 
/i(C) e M2x2(C). Suppose that = fi^ solves the following system of 
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coupled singular integral equations in M x Z 

c 



C'6Z\{C} ^ ^ 

Set 
(3.35) 

mlzj = mix, z) = I -\ / as + > — 

2m s-z ce^ ^ ~ ^ 

for z G C \ (M U Z). Then, a direct calculation using fl3.32p shows that 
m{z) solves the RHP (I3.3ip . Equations fl3.34p have a unique solution 
= /ia: in (/ + L^(R)) X (M2x2(C))^" by the following argument (see 
|Zho98] for details): First one shows that the equations are Fredholm 
of index zero, and then one shows that the associated kernel of the 
equations is {0} (More properly, one shows that equations fl3.34p are 
of type J-'x = y where J-" is a Fredholm operator with ind(J-') = and 
Null(J^) = dim Ker(J^) = 0. Thus codim(J^) = -ind(J^) + Null(J^) = 
and so J-" is a bijection). Hence the solution //^ exists and is unique in 
(/ + L2(M)) X (M2x2(C))2" for each x eR. Moreover, as ^ ^ oo in a 
cone |Imz| > c|Rez|, c > 0, 

■m{z) = m[x, z) = I -\ h ol - 1 . 

Set 

u{x) = -i(mi(x))i2. 
Then one shows that r G H^'^ =^ u{x) G H^'^. 

Definition 3.10. The inverse scattering map I takes {r, Z^, K^) G 
H^'^ xClx {C\ 0)" to the function u{x) G H^'\ 

(r, Z+, K+) ^ (r, Z+ UZ;,K+U {-K^)) ^ u{x). 

Theorem 5. The maps 5:0^ H^^^ x C!^ x (C \ 0)" and I : H^^^ x 
X (C \ 0)" — )■ Q are continuous and inverse to each other. 

Remark 3.11. (see |BC84j |Zho98j : also cf. |DZ03j ) The direct scatter- 
ing problem yields the function m{x, z) = m{x, z; u) = ip{x, z; u)e~^^^" 

where is a Beals-Coifman solution of ^ = (iza + ( "g^"* 

the other hand, the RHP yields the function m{x, z) = m{x, z; r, Z+, K^). 
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We will simply use the notation m{x,z); the precise meaning will be 
clear from the context. Of course, if {r, Z^, K^) = S{u), then by the 
above theorem m{x, z; u) = m{x, z; r, Z^, K^). 

Theorem 6 (Time evolution of the scattering data: see |ZS72] [ZhoSQ] ). 

Suppose Uq E Q G H^'^ . Then the (weak, global) solution u{t) of fl3.ip 
with u{t = 0) = Uq remains in Q , u{t) G Q for t > 0, and 

r{t) = r{u{t)) = r{z; Uo)e-''^^^^, z eR, 
Z+it) = {zjit) = Zj{u{t)) = Zj{uo),j = I,-- - ,n}, 
K+it) = {c,it) = c,{uii)) = c,K)e^^^/^ J = 1, ■ ■ ■ ,n}, 
or equivalently, 

a(t) = a{u(t)) = a{z;uo), z G C+, 
b{t) = b{u{t)) = b{z; Uo)e''''/^, z eR, 
Z+{t) = {Zj{t) = Zj{u{t)) = Zj{uo),j = 1, ■ ■ ■ 

r+(t) = Hit) = iMt)) = 7.K)e-^/^ J = 1, ■ ■ ■ 

Conversely, if vq G -//^'""^(M) and 

Z° ={.?,. ..,4} 

Kl = {cl--- ,c:}cC\{0}, 

then u{t) = X(ro(^)e-^^'*/2^ZO,{c°e^(^5')'*/2}) solves NLS with initial 
data Uq = X{ro, Z^, K^) . In particular, if Uq E Q and tq = r{z;uo), 
{Zj = Zj{uo)}, {c° = Cj{uo)}, then the (weak, global) solution u{t) of 
NLS with m(0) = Mo is given by 

u{t)=X{S{u{t))) 

= I{r{u{t)),Z^{t) = Z^,K^{t)) 

The long-time behavior of u{t) is then inferred by evaluating X in 
terms of the RHP (13.311) and using the steepest descent method of 
[DZ93j . 

Remark 3.12. Let ipzs{x,t, z) = {jp^ ,ip2){x,t^ z) for z G C"^. As 
the operator dt — E in (13.21) commutes with dx — L m (11.281) . {dx — 
L){{dt - E)iJzs) = {dt - E){{dx - L)iJzs) = 0, and so {dt - E)ijzs 
also solves (13.51) . For 2; G C \ M such that a{z) = det ipzs 7^ 0, we have 
(dt — E)ipzs = i^zsM for some matrix M = M{z,t). As ipzs^'^^^"^ is 
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bounded as x — )■ ±00, we see that M{z,t) = or equivalently, 
(3.36) 



dt [{^t)2 J 2 Ux - izu z'^ + |m| V U^i^)2 



and 



(3-37) ^ 



dt 1(^2)2/ 2 V y Uij. 



^2 n 

^2^2 



4. The Backlund Transformation, the Backlund 
Extension and the Solution Procedure 

Most of the results in this section are due to Bikbaev and Tarasov 
|BT91] pTarQlj . For completeness, what follows is a presentation of 
the results in |BT91] jTarQl] with some interpretations, additions and 
alternative proofs. Let g e M and let u{x) be an Ll^^ complex- valued 
function on the line or the half-line or M~. Let Q = (-no) 
above. Consider the following 2x2 matrix ODE, 

P. = {Q-t[a,P])P-PQ, 

Po = P(0) = -iqas. 



(4.1) 



Proposition 4.1. If u E L\^JW), then there exists a unique global 
solution P{x) of (14.1 p on M. If u E Ll^^iR"^), then there exists a 
unique global solution P{x) of (14. ip on , respectively. 

Proof Let ^°(x, z) = (^?(x, z), ^°(x, z)) solve (jSlD with ^°(0, z) = I. 
Equation (14. ip can be linearized in the following way. Note that (14. ip 
can be rewritten in an iso-spectral form 

P^=[Q-taP,P]. 

Hence 

(4.2) P{x) = ^{x)Po{^{x))-\ 

for some invertible matrix ip{x), ^p{0) = I. But then we must have P^ = 
[ip'{x){ip{x))~^ , P], so we can choose (p'^p^^ = Q — iaP = Q — icripPQip'^ 
or ip' = Qip — iaipPo- Hence if (p{x) = {(pi{x), 'P2{x)) we see that ip'^ = 
Qipi + i{iq)aipi and ip'2 = Qip2 + i{—iq)cFip2- As v?(0) = /, we must have 
ip{x) = (\l'5(a:, ig), ^^2(^1 ■"'^Q'))- But by Proposition 13.11 \E'2(x, — ig) = 
(T2^°(a;,ig)(T2e2 = {1'Q^)'^'({x,iq). Thus Lp{x) = where ^ = 

(I) = ^'j'(x,ig). In particular, det(p{x) = |6(a;)P + 16(2;) P 7^ so 
that ipix) is invertible. We conclude that P = ipPoip^^, ip = (^^ ) is 
the desired unique global solution of (14. ip . □ 
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Henceforth P{x) denotes the unique solution to (14.21) for u{x) G Ll^^. 

uch 



For a column vector b{x) = ( ) such that b{x) ^ for all x, define 



(4.3) ^(b) 



|biP + IbaP' 



Note that J^(b) in (14.31) is determined by the ratio of the entries in b. 
From (14. 2 p we see that 



(4.4) n-)-.^o.--^^p^( 
where (y^i = (l^)- Denote 

(4.5) u = u — iPi2 = u — 2qJ^{ipi). 
Then, from (14.41) . 



u 
-u 



(4.6) Q = Q-i[a,P]-- 

In particular, by (14. ip . 

(4.7) u{0) = u{0). 

The choice of P in (14. ip is motivated by the following fact which is 
easily verified by direct computation: Let ipi^x, z) be a solution of (13. 5p . 

(4.8) ^p^ = Li) = {iza + Q)i} 
and set 

iIj{x, z) = {z + P{x))4'{x, z). 
Then P{x) solves (13. 5p if and only if ^/'(x, z) is an eigensolution of 

(4.9) ijj^ = Lip = (iza + Q)ip, L = iza + Q, 

where Q is given by (14.61) . Equivalently, P{x) solves (13. 5p if and only 
if 

(4.10) {z + P){d, -L) = {d, -L){z + P). 

In particular, we see that P{x) induces a Backlund transformation 
Ip for scattering equations of type (13.50 . 

Remark 4.2. Note that const = det ip{x, z) = det{z+P{x)) det ■ip{x, z) = 
det{z + P{x))const, so det(2; + P{x)) is independent of x. This is con- 
sistent with the fact that (14. ip is an iso-spectral deformation Pq. 
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We call the transformation Bq : u ^ u = Bq{u), the Bdcklund trans- 
formation of u{x) with respect to q. If u{x) is only defined on or 
]R~, then we call the map B"^ : u ^ u = B'^iu), the Backlund trans- 
formation of u{x) with respect to q on or M~, respectively. Clearly, 
Bq maps LlM) ^ Aoc(K) and B^ maps Li„,(R±) ^ LlM^). 

In general, Backlund transformations u ^ u involve a choice of pa- 
rameters, symbolically u = ci, C2, ■ ■ ■ ), for some functional F, 
which takes, for example, one scattering problem (14.81) into another 
(14.91) . If u(t) solves a dynamical equation in t, it is often possible 
to choose Ci = Ci(t), C2 = C2(t) appropriately to ensure that u{t) = 
F{u{t)]Ci(t),C2it),---) also solves an (or maybe, the same) dynami- 
cal equation. In this way the Backlund transformation for scattering 
problems, for example, gives rise to (auto-) Backlund transformations 
for the dynamical systems. For example, the Backlund transformation 
in (I1.34P can also be viewed (see e.g. |Dei78] ) as taking the trivial 
solution Wtriv{x,t) = of KdV to the solution (11.341) of KdV via a 
Backlund transformation of Schrodinger operators 

d'^ 

Htriv = --r^ + Wtr^v ^ H{t) = -— + W{t) 

dx'^ dx^ 
where W{t) = W{x,t) = —2^ log (e'^^ + ce~'^^). Only if c is chosen 
so that c = c{t) = ge^'^^*, does Wtriv ^ W{t) result in a solution of 
KdV. As we will see, the method in |BT91] jTarQl] can be viewed as 
a Backlund transformation taking functions on to functions on M, 
where the parameters are chosen automatically in such a way that the 
solution u{t) = u{x, t) of HNLS^ is taken to a solution u'^{t) = u^{x, t) 

of (13. ip on M. Said differently, as — L is conjugate to — L, 
dx — L = {z + P){dx — L){z + P)~~^, any iso-spectral deformation of 
dx — L will give rise to an iso-spectral deformation of dx — L. The 
challenge here is to choose P appropriately so that dx — L solves the 
same iso-spectral deformation (viz. NLS) as dx — L. 

Remark 4.3. If g = 0, then P{x) = and u{x) = u{x). 

Let TZu{x) = u{—x). As we now show, up to the reversal TZ, the 
Backlund transformation is reciprocal. 

Lemma 4.4. Let g G M. 

(i) Ifue Ll,{R), then nBgTZBguix) = u{x), xeR. 

(ii) Ifue LlM^)' then UBfu G LlM"^) and UB^UB^u^x) = 
u{x), X e M^, respectively. 

Proof. We prove (i): the proof of (ii) is similar. Suppose that u G 
Ll^^{R). Let Ui = IZBqiu) and let Pi{x) = a3P{—x)a3. Observe from 
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that P{x) = -P*{x) where P* is an adjoint of P. From (gj]), 

Q{-X) = Q{-X) + 2[(T, P(-X)] = g(-x) - Z[0r, Pi(x)] 

= <5i(2;) - «[cr,Pi(a;)], 
where Qi = [ 'q^ ) . In addition, 
(Pi),(x) = (-P;)..(x) = a3P:(-x)a3 = a3(gP - Pg)*(-x)a3 
= a3(-g*P* + P*Q*){-x)a, = a,{-QP + PQ){-x)as 
= Q{-x)Pi{x) - Pi{x)Q{-x) = Q{-x)Pi{x) - Pi{x)Qi{x) 
= {Qi{x) - t[cj, Pi(a:)])Pi(x) - Pi(x)gi(x). 

Combining with Pi(0) = P(0), we conclude by uniqueness that Qi{x) = 
Qi{x) — i[a,Pi{x)] = Q{—x). Hence TZBqiui) = u, as desired. □ 

Corollary 4.5. Bg is a bijection from L]^^(R) onto L]^^{R). is a 
bijection from L]^^{M.^) onto L]^^{M.^), respectively. 

Proof. As 71^ = 1, IZBqlZBq = 1 implies BqTZBqlZ = 1 and the bijectiv- 
ity in Ll^(R) follows. Similarly, UBJUB^ = 1lI^(r±) and BfUBJIZ = 
1^1 (R±), which implies the bijectivity for Lj'^j^(M=''). □ 

Remark 4.6. Clearly if m G Lj'jj^(M), then 

(4.11) {Bqu)\^±=Bf{u\u±). 

Proposition 4.7. Bq is a bijection from H^'^(M.) onto H^'^(M.). B"^ is 
a bijection from H^'^{Mj^) onto H^'^{W^). 

Proof. We only consider the case B"^ and g > 0. The other cases S^, 
g < 0, and Bq, g 7^ are similar. As 7^ is a bijection from if^'^(]R^) 
onto if^'^(R'''), it is enough to prove that B^ and S~ map if^'^(M='') into 
i7^'^(M^), respectively; the bijectivity of B^ then follows from Lemma 
I4.4( ii). We consider P+: the case B~ is similar. The proof hinges 
on the existence of the solutions g{x, z) and z) of the differential 
equation 

(4.12) ^^ = {iza + Q)i). 
on with the properties that 

(4.13) g{x, z) = (ei + ri(x, z))e"'/^, ri G H^'\R+). 
and 

(4.14) hix, z) = (62 + r2(x, z))e-*"^/^ ra G H^'\W^). 

Note that h is not unique; for any constant c, h + eg solves fl4.12l) 
with fITOD if h solves (02|1 with KIM . The solution g = ge'"''''^ is 
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uniquely specified by the asympotics g{x, 2) — )■ ei as a; — )■ 00, and can 
be constructed by solving the integral equation 

roo /^iz{y-x)/2 q\ 

g{x,z) = ei- J ( Q Q{y)g{y,z)dy 

(cf. (I3.1ip ) as in the proof of Proposition (13. 5p . The solution h, how- 
ever, cannot be obtained in a similar way via a Volterra equation. For 
the reader's convenience, we prove the existence of h following |CL55] 
pp. 104-105. Note that the non-uniqueness of h is reflected in the 
arbitrary choice of Xq. 

For any given u G if^'^(M"''), fix Xq > so that \u\ < |. For z G 
C"*", we consider the following integral equation for g{x,z) = {gi,g2)^, 

h{x,z) = e-'^^'^e,+ Q l\Q{y)h{y,z)dy 



(4.15) 

,0 e 



00 /g g 

(y-x)/2 ) Q{y)h{y, Z)dy, X > Xq. 



A direct calculation shows that h{x, z) solves (I4.12p . Setting /(x, z) = 
h{x, z)e'^^'^^'^, the integral equation (14.15^ becomes 

(4.16) f{x,z) = e2 + {rf)ix,z), x>Xo, 

where T is an integral operator defined by 

{rf){x,z) = j Q ljQ{y)f{y,z)dy 

~/"(o f)Qiy)fiy^^)^y^ / g l°°[xo,oo). 

Note that as 2 G C"*" and u G L^[xo, 00), T is well-defined. Let /o = 62 
and define fk+i = 62 + Tfk, k >0, inductively. Then, 

\\fk+l — /fc||L°°[a;o,oo) < k > 0. 

Indeed, ||/i - /o||l-'[xo,oo) < c and for A; > 1, 



ll/fc+l ~ /fc||L°°[zo,oo) — \\T{fk — /fe-l) ||l°°[xo,oo) 

1 

2 



< ll/fc — /fc-l||L°°[xo,oo) / \u\ < -\\fk — /fc-l|U°°[a;o,oo)- 



XQ 
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Hence f = fo + J2T=i fk ~ fk-i converges in L°°[xo, oo) and solves the 
integral equation (14.161) . Writing f{x,z) = (/i,/2)"^, (14.161) becomes 



/2(x, z) = l+ I u{y)fi{y, z)dy, 



As ||/||l°°[xo,oo) < c, by Lemma [33| /i G H^'^[xo, oo) and therefore 
again by Lemma [3.61 /2 — 1 G H^'^[xq, oo). Now by the standard ODE 
theory, h{x, z) extends uniquely to a solution of (I4.12p on M+, also 
denoted by h{x,z). From the above calculations, we see (I4.14p . Now 
we fix z = iq. As g{x,iq) and h{x,iq) are clearly linearly independent 
for X > 0, 

(4.17) iq) = cig{x, iq) + C2h{x, iq). 

for some constants Ci, C2- By (14.41) and (14.51) . we must show that 
J'{'^1{x,iq)) G if^'^(]R+). Suppose C2 ^ 0. Then as x oo, 

v|>?(x,^g) = Cie-^^V2^1+j3(^)^^ r^eH^'^R-'), j = 3,4. 



Hence 



Hnx,^q)) = -^^±P^eH^^H 



|l + r3|2 + |r4|2 
On the other hand, if C2 7^ 0, then as x — )■ 00, 

(4.18) ^?(^,^?) = C2e^^'/' (1 + 1.^1^)), r, G ifi'i(M+), j = 5,6. 
Thus, 

which again lies in iJ^'^(]R+). This completes the proof. □ 

Lemma 4.8. Suppose u G H^'^{M), and let P{x) solve (14. ip . Then, 
P{x) — )■ —i/3±a3 as X ^ ±00 where = g^. 

Proo/. From (B, P(x) = ^rprfeF C^'Sf' -iJ&p)' ^ = 

(1^) = \E'5(x, ig), \E''j'(0, ig) = ei. Suppose first that g > 0. Then 
by (I4.17p . \E'5'(x,zg) = cig{x,iq) + C2h{x,iq) for some constants ci, 
C2. From (HTT^lHmp . g{x,iq) = (ei + ri(x, ig))e"'?^/^, h{x,iq) = 
(e2 + r2(x, ig))e^^/^ where ri{x,iq), r2{x,iq) G if"'^'^(]R"'"). If the sec- 
ond component of g{x,iq) = {gi{x,iq), g2{x,iq))^ vanishes at x = 0, 
then necessarily C2 = 0. But then |^ = — )■ as x — ?■ +00, 
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and so P{x) — t- —iqcr^ as x — )■ +00. If the second component of 
g{x,iq) does not vanish at x = 0, then C2 7^ 0. Then, as in fl4.18p . 
^ = = 026"''/^ {^"^l^^^^^), where rg, re G i/^'^(M+). It now 

follows that 1^ — )■ as X — i- +00 and so P(x) — )■ igcia as x — +00. 
Thus P(x) — > — i/3+(T3 as X +00, where /3+ = g if g2{0,iq) = and 
/3+ = -g if ^2(0,^g)^0. 

As in the case x — )• +00, there are solutions g{x, iq), h{x, iq) of fl4.12p 
with the property that g{x,iq) = (ci + ri(x, zg))e~''^/^ and h{x,iq) = 
(e2+r2(x, ig))e^^'/^ where ri(x, iq) and r2(x, ig) now belong to H^'^(K~). 
(As opposed to the case x > 0, h{x, iq) is now uniquely determined and 
g{x,iq) is not unique). Again ^ = 'if1{x,iq) = Cig{x,iq) + C2h{x,iq). If 
the second component of h{x, iq) vanishes at x = 0, then ci = 0. Hence 
|j ~ hl^(x'7g) X — 7- —00, and so P(x) — —iqa^ as x — )■ —00. On 
the other hand, as before, if the second component of /i(x, iq) does not 
vanish at x = 0, then ci 7^ and we find that P(x) — )■ iqcr^ as x — —00. 
Thus P(x) — )■ —i(3-a^ as x — )■ —00, where /3_ = g if h2{0,iq) = and 
/3_ = —q if /i2(0,ig) 7^ 0. If g < 0, the situation is similar, and again 
PI = q'. □ 

Remark 4.9. From the above proof, we see that as x — )■ 00, if ^^5(^5 ^9') 
grows exponentially, then /3+ = — |g| and if \E'°(x,zg) decays exponen- 
tially, then /3+ = |g|. On the other hand, as x — )■ —00, if '^i{x,iq) 
grows exponentially, then /3_ = |g| and if \E'5'(x,zg) decays exponen- 
tially, then /3_ = — |g|. For example, if g > and a(i|g|) 7^ 0, then 
^°(x,zg) = Ci'ipf{x,iq) + C21P2 ^ ^'^^ some constants Ci, C2. Hence, 

(V'i+)2(0,2g) = ^ C2 = ^ /9+ = /3_ = g, 

(4 IQ) '^^^)2(0,ig) = ci = = /3_ = -g, and 

(^+)2(0,zg)7^0,(^2")2(0,zg)7^0 ^ c,^0,C2^0 

13+ = -g, /3_ = g. 

The following calculation is standard in the inverse scattering liter- 
ature. 

Proposition 4.10. Let q G M\{0} be given. Suppose u G H^'^{E.) and 
let u = B,u c ffU(R), Let Si.) = '-f ). S(z) = ("W -||) 6e 

the scattering matrices for u and u, respectively. Then, 

(4.20) S{z) = {z-iP^a^)S{z){z-iP+a^)-\ 2 G M, 
where P(x) — )■ —iP+a^i as x ^ ±00, = g^. Equivalently, 

(4.21) S(^) = i^^a(^), 6(^) = i±^6(^), ^GM. 
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In particular, if a{i\q\) 7^ 0, then 



(4.22) 

Moreover, 

(4.23) 

In both cases, 
(4.24) 



u e G, if u e G. 



Z+ = or = Z+ U {i\q\} 



Zk - i/3+ 



7(zfc), Zk e 



and in the second case. 



(4.25) 



7(%l) 



(V^2")2(0,^g)' 
(V^+)i(0,-2g) 



z/ g > 0, 
z/ g < 0. 



(V^2")i(0,-«g)^ 

Proof. From ( 14.90 and Lemma [4.81 we see that 

(4.26) i>^{x,z) = {z + P{x))'^^{x,z){z -il3±a3)-\ z eR, 

where ip^, ip^ are the ZS-AKNS solutions for u and u, respectively. 
Substituting these relations into ip~^ = ip~S and utilizing ip~^ = ip~S, 
we immediately obtain (14.201) and hence (14.211) . 

Now suppose that u E G and a(z|g|) 7^ 0. Then a{z) 7^ 0, z G M, and 
a{z) — 1 as 2; — )■ 00. Then relationship a{z) = a{z) continues 
analytically to C+ \ Now clearly i(3± ^ Z+. Hence a{zk) = if 

and only if a{zk) = 0. and as a'{zk) 7^ 0, it follows that Zk is a simple 
zero for a{z). From (I4.26p . we have by analytic continuations 



'4)^{x,Zk) 



Zk + P{x] 
Zk - iP+ 



ll)^{x,Zk), ip2ix,Zk) 



Zk + P{x) 
Zk + 



{x,Zk). 



Substituting these relations into '4)i{x, Zk) = j{zk)ip2{^^ ^k) and utiliz- 
ing ip^{x,Zk) = 'y{zk)ip2{x,Zk), we immediately obtain (I4.24p . From 
(I4.2ip we see that a(i|(3'|) = if and only if /3+ = —\q\, (3- = \q\. In this 
case, the zero at i\q\ is also simple. In particular, -u G ^ in both cases 
in fOSjl . From Km . for z = i\q\, f+{x) = ^^^t^^/'+(x, z|g|) and 

f~{x) = ^^^^Tj^p^'?/'^(x, i|g|) are two solutions of ^ = {—Iqla+Q)^^ with. 
asymptotics! ( ^^^^^-^^^ ) (e,+o(l))e-l.l^% and r^^l/-) 

o(^X^)gk|a;/2 2; _). ±cx), respectively. Hence f~^{x) = ^jjf{x,i\q\), 
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/ (x) = ip2 {x,i\q\). By definition /^(x) = 'y{i\q\)f (x). Evaluating 
this relation at x = 0, we find 

and so fl4.25p follows. It is easy to see that 7(i|q'|) is non-zero and 
finite. □ 

In general, if u{t) solves NLS, u{t) = Bqu{t) will not solve NLS, 
because are not continuous functions of t. For example, we see 

from the proof of Lemma that for g > 0, say, /3+ = g if (72(0, iq) = 
and /3+ = —q if g2{0,iq) 7^ 0. But g = {gi,g2)'^ is just the ZS-AKNS 
solution ipf{x, iq) = ipf{x, iq; u) and there is no reason why (?/'j'")2(0, iq) 
cannot pass through as u{t) evolves under NLS. In particular, we may 
have (V^]^)2(0,ig;M(t = 0)) = but (7/^^)2(0, ig; ^ for t > and 
hence P+{t) is not continuous at t = 0. 

Now from f l4.19p u has an eigenvalue at 2; = ig, g > 0, if and 
only if ('?/']^)2(0, zg; m) and ('?/'^)2(0, ig; m) are both non-zero. Thus if 
(V'i+)2(0, iq] u{t)) = for t = but (^i+)2(0, iq] M(t))_and (^2")2(0^, iq] u{t)) 
are non-zero for t > 0, we see by f l4.2ip that dxip = {iza + Q)%Ij has 
no L^-eigenvalue z = iq for t = 0, but dx^J = {iza + Q)ip has an 
L^-eigenvalue ai z = iq for t > 0. Furthermore, in the case when 
{tpi)2{0,iq]u(t)) and ('?/'^)2(0, ig; are both non-zero, the norm- 

ing constant 7(i|g|) in f l4.25p will not, in general, evolve appropriately, 
i.e. ^{i\q\]u{t)) 7^ 7(z|g|; u(0))e~*'^ In terms of the discussion pre- 
ceding Remark 14. 3[ the "parameters" in the Backlund transformation 
u ^ u = EqU are not chosen correctly. 

As we now show, however, if u{t) solves NLS on M"*" together with 
the boundary condition (11. 2p . then u{t) = B'^u{t) is also a solution 
of NLS on M+ (but with g replaced by — g). Thus in this case, the 
"parameters" in the Backlund transformation are correctly chosen au- 
tomatically. The following lemma gives the necessary and sufficient 
conditions on P = P{x,t) in order that B'^u{t) solves NLS. 

Lemma 4.11. Let u{t) he a classical solution in H^'^ . Suppose that P 
solves (14. ip and let u{t) = BqU{t) be the Backlund transformation of 
u{t). Let L, L denote the Lax operators in (I1.28P and define E, E as 
in (13. 2p with u, u, respectively. Then, 

(4.27) {dt -E){z + P) = {z + P) {dt - E) 

if and only if 



(4.28) 



{dt-E){dx-L) = {dx-L){dt-E). 
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In other words, condition fl4.27p is necessary and sufficient for u(t) to 
solve NLS. 

Proof. If g2ZD holds, then by (D and f l410|l . 

{dt - E){d^ - L){z + P) 

= {dt -E){z + P){d, -L) = {z + P){dt - E){d, - L) 
= {z + P){d, - L){dt -E) = {d^ -L){z + P){dt - E) 
= {d,-L){dt-E){z + P), 

which clearly proves fl4.28p . Conversely, suppose that f l4.28p holds. 
Define Qi = ( _*"^|2 ) and similarly Qi with u replaced by u. Then, 

(4.29) Qi-Qi = P. = iQP-PQ). 

Indeed, {QP - PQ),2 = {P12). = - u)^ = (Qj - Q,)^2 and (QP - 
PQ)i i = M-P21 - (-m)-Pl2 = - = (Qi - Qi)ii- Equation 

(I4.29P now follows by symmetry. Set 

A = {dt- E){z + P)-{z + P){dt - E). 

Then, by gl]) and (g^lD, 

A = Pt- z{E-E)- {EP - PE) 

= lz\Q-Q + i[a,P])-'- (Qi - Qi - (QP - PQ)) 

(4.30) 1 . 

+ [P,--{Q,P-PQ,)) 

= P,-l{Q,P-PQ,). 

In particular, A is independent of z. Again by fl3.3p and fl4.10p . we see 

that 

{d,-L){dt-E){z + P) 

= {dt - E){d, -L){z + P) = [dt -E){z + P){d, - L) 

= A(a, -L) + {z + P){dt - E)id, - L) 

= A{d, -L) + iz + P)id, - L){dt - E) 

= A{d, -L) + {d, -L){z + P){dt - E) 

= A{d, -L)- {d^ - L)A + {d^ - L){dt -E){z + P) 



40 



PERCY DEIFT AND JUNGWOON PARK 



and hence 

A{d^ -L)- {d^ - L)A = 0, zeC 

iz[a, A] - (A^ -QA + AQ) = 0, z eC 
^ [a, A] =0, A, = QA- AQ. 

The first equation above implies that A is diagonal. But then, QA and 
AQ are off-diagonal and it follows that A^; = 0, which implies that A is 
constant in x. As £t(0) = u(0) and P{x = 0,t) = —iqa^, {QiP — PQi) 
is off-diagonal at x = and Pt{x = 0) = 0, and it follows from fl4.30p 
that A is also off-diagonal at x = 0, and hence we must have A = at 
X = 0. Thus, A = for all x, which completes the proof. □ 

In motivating the approach in |BT91] and |Tar91] . the following re- 
sult plays a key role. 

Proposition 4.12. Let q E IR\{0} be given. Let t u{t) = u{x, t),x > 
be with respect to x and with respect to t such that u^x o-nd Ut 
decay rapidly as x +oo. Let uq{x) = u{x,0). Then, the following 
statements are equivalent. 

(i) u{t) solves HNLS^ with initial data uq. 

(ii) BgU{t) solves HNLStq with initial data B'^uq. 

(iii) IZBqUit) solves HNLS^ with initial data IZB'^uq. 

Proof. Clearly (ii) and (iii) are equivalent. We will first show that (i) 
implies (ii). Suppose that g > 0. The case g < is similar and will 
be discussed below. Define E as in (13.21) and E with u replaced by 

Claim: (i) implies that {dt - E){z + P) = {z + P){dt -E),x,t>0. 

Let g{x, t, z) = {gi, (72)^, x >0, z E C+ be as in the proof of Proposition 
14. 71 with u{x) = u{x, t). As the operator dt — E'm. (13. 2 p commutes with 
d^-Lin (OHD, {dx - L){{dt - E)g) = {dt - E){{d^ - L)g) = 0, and 
so {dt - E)g also solves (1331) . As {dt - E)ge~'-''''/'^ -> as x -)■ 00, 
we see that {dt — E)g = ^g, or equivalently, 

/^3^N ^ = i( 1^1^ u^ + izu\ 

dt 2 \Ux - izu z^ + \u^j ^' 

If g2{0,iq,t = 0) = 0, then as ^^^(O,^) + qu{0,t) = 0, it follows 
from (OTj) that g2{0,iq,t) = for all t > 0. Let P{x,t) solve ( KT\i 
with u{x,t) and P{x,t) — )■ —i/3+{t)as as x — )■ 00. From (I4.17p . we see 
that 'if1{x,iq,t) = Ci{t)g{x,iq,t), Ci{t) 7^ and hence /3+(t) = g by 
Remark 14.91 From (14. 2p . we have P{x,t) = (f{x,t)Po{if{x,t))^^ where 
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V = i.ViiV2) = {'^i{x,iq,t),'^l{x,-iq,t)). Now, (v^i)* = {ci g{iq))t = 
{c[/ Ci-iq"^ / A+E{iq))Lpi. AsLp2 = (? we have {ip2)t = ((c'i/ci) + 

iq'^/A + E{—iq))ip2 and hence ipt = + \{iq^aLp — iqQipcr^ + Qi(f), 
where D = (^"^/"''"^ J , which imphes ^t^-^ = ^D^-^ + 

\[iq^cF + QP + Qi), Thus, from the above calculations together with 

= {^t^^^)P - Pi^t^-') 

= ^ {tq'[a, P] + {QP - PQ)P + Q^P - PQ,) 

= liiQ- Q)P' + (QP - PQ)P + Q^P - PQ^) 

= ^(Q,P-PQ,), 

and hence the Claim follows from fl4.30p . But then, from Lemma [4.111 
we see that the operators dt — E, — L commute with each other. 
Hence, u{t) solves NLS on R+. As Q(0) = Q{0), g^(0) = Q^.(0) - 
i[a,P^{0)] = -qQ{0) - i[a,Q{0)Po - PoQ{0)] = qQ{0) and hence u{t) 
solves HNLSlg. 

If g2{0,iq,t = 0) 7^ 0, then from Remark [4.91 we have = 0) = 
-q. Set vo = HB+Uq G //^'^(M-) and let v{t) solve HNLS" with 
initial data vq. Let G{x^t,z) = {Gi,G2)^ be the (unique) solution 
of the spectral problem (^dx — (^izcr + ( ^ ) ) ^ ~ ^^'^'^ ^^^^ 

(^(x, t, 2;)e*^^/^ — )• 62 as X — )■ — oo, z E C+. Let P{x,t) be as above. 
Then by the proof of (14.361) . 



G{x, t,z = 0) = ---^-^-—^cr,{z - P{-x, t = 0))g{-x, -z, t = 0). 

In particular, we see that G2{0,iq,t = 0) = and it follows that 
'^i{x,iq;vo) = ciG{x,iq,t = 0), x < 0. We are now in a similar 
situation to the case g2{0,iq,t = 0) = 0, but for x < 0, and we can 
conclude that TZB^vit) solves HNLS^ with initial data TZB^TZBgUo = 
Uq. Hence u(t) = 7lB~v(t), which implies that 7lB^u(t){= v(t)) solves 
HNLS~. This shows that (i)^»(iii) in the case ^'2(0, iq, t = 0) 7^ 0, and 
so completes the proof of the implication (i)^^(ii), (iii). 

Conversely, if (ii) holds, then lZB^u{t) solves HNLS~ with initial 
data TZB^Uq. As we showed above, u(t) = 71B~ (JlB'^uit)) solves 
HNLS^ with initial data TZB^ (TZB^Uq) = uq, which proves (i). 
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If g < 0, we consider the solution g = g{x, z) of {dx — L)g = 0, x > 0, 
z G C^, with g{x, z)e^^^^'^ — )■ 62 as x — )■ +00. Then, mutatis mutandis, 
the proof goes through as above. □ 

We will use the following definition. 

Definition 4.13. Let u e L[„^(]R+). Let qe^ and define 

{u(x), X > 0, 
7^i3+M(x), X < 0. 

Then, is called the Bdcklund extension of u E L\^J^'^) to M with 
respect to q. 

Remark 4.14. We can also define the Backlund extension of n G -^^^^(IR^): 

ni3-u{x), X > 0, 
u(x), X < 0. 



u [XI = 



The following procedure, which is motivated by Proposition I4.12[ 
shows how to express the solution of the IVP (11.41) with even initial 
data Mo G H^'^(M.) in terms of a solution of NLS (13.11) . In the generic 
case, the latter problem can be evaluated asymptotically as t — )■ 00 
using RHP/steepest descent methods. In this way we are able to infer 
the long-time behavior of solutions of (II. 4p . 

Theorem 7 (Solution procedure for the IVP (ll.ip with even initial 
data; |BT91j ). Let g G M \ {0} be given and let uq he an even function 
in H^'\R). 

Stepl. Set Uq{x) = uo{x), x > 0. Let Uq be the Bdcklund extension of 

Step2. Let u'^{x,t) be the (unique, weak global) solution of NLS (13.11) 
in H^'^{W) with initial data u'^{x,t = 0) = Uq{x), in the sense 

of dnoD. 

Step3. S'et u(x, t) = u^(|x|, t). 

Then u^|]r+(x, t), u{x, t) are the (unique, weak global) solutions of HNLS^ , 
(11.41) in the sense of (11.91) . (II. Sp . respectively. 

Up till this point, what we have shown is that if we have a solu- 
tion u'^{x,t) of HNLS^ with certain technical properties, then u~^{x,t) 
should be constructible via the solution procedure in Theorem [71 What 
we have to show, is that the solution procedure in Theorem [7] indeed 
produce the solution u~^{x,t) to HNLS^ with u~^{x,t = 0) = Mq (x) G 
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iJ^'^(]R+). The proof of this fact involves various technicaUties, and will 
be given in the Proof of Theorem [7] below at the end of this section. 

By Theorem [71 if u~^{x,t) solves HNLS^, then u'^{x,t) is a solution 
of NLS on M with the property that BqU'^{t) is also a solution of NLS. 
The following proposition provides a converse to this statement. 

Proposition 4.15. Let u{t) be a classical solution of NLS (13. ip on M 

with u(t = 0) = Uq E H^'^iM.). Suppose that a{i\q\) ^ where a{z) is 
the scattering function for uq. If Bqu{t) solves NLS on then u{t)\^+ 
solves HNLS+. 

Proof. We only consider g > 0. The other case g < is similar. 
If /3+(t = 0) 7^ f3_(t = 0), then necessarily = 0) = —q and 

/3_(t = 0) = q. As both u{t) and Bgu{t) solve NLS, from KTQf . 

l-fi+^S) ^(^'' ^^^^^ ^ ^g^W) = a{z; Bquit = 0)) = IZff^^ffl aiz] t = 
0) = ^qa{z;u{t = 0)) = ^^a{z; u{t)) . Thus, /3{t) = -q and 
= q for all t > and hence d{z] u{t)) has a simple zero at z = iq. 

As 7(ig; Bqu{t)) = -/{iq; Bgu{t = 0))e^^, it follows from fl336|) flSlSTl) 
that 

log(7(?g,t)) = — log ' 



dt dt " V(V;2-)2(0,^g) 



2 +5<"' + ''"'l'-»lw);"«fh^*°'"'' 



2 2^ ^ ^ ^i-o(V^+)2(V^2")2(0,^g) 

and hence 7x^(0, t) + qu{0,t) = 0. Thus u{t)\^+ solves HNLSJ". 

If j3^(t) = I3_{t) for all t > 0, then from fICTD . we see that ei- 
ther {ipf)2{0,iq,t) or (■?/'^)2(0, zg, t) is zero for all t > 0. As 7^ 
a{iq) = det('?/'j'", V'^)(0, ig, t), ('?/'i')2(0, ig, t) and (?/'^)2(0, zg, t) cannot 
vanish simultaneously. But, these functions are continuous in t. Thus, 
if {ipi)2{0,iq,t = 0) (respectively {ip2)2i0,iq,t = 0)) is zero, then 
(V'i')2(0, «g, t)(respectively (^/'^)2(0, ig, i)) is zero for all t > 0. If {1^^)2(0, iq, 
for all t > 0, then (?/'+)i(0, zg, t) ^ for alH > and hence it fol- 
lows from (I3.36P that Ux{0,t) + qu{0,t) = for all t > 0. Similarly, if 
0^2)2(0, iq, t) = for all t > 0, then from (IS^Tj) . m^(0, t) + qu{0, t) = 
for all t > 0. Thus, we conclude that u{t)\^+ solves HNLS^ . □ 

The question arises whether the Backlund extension method de- 
scribed above provides the only way to extend the solution W^it) of 
HNLS^ to a solution u^(t) of NLS on the whole line such that u'^{t) \^+ = 
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If v{t) is any such extension, we must have 

v{0~,t)=v{0+,t)=u+{0+,t), 

v,{0-,t) = v,{0+,t) = ut{0+,t). 

Thus the question reduces to showing that the solution of NLS on 
is uniquely specified by (14.321) . But this is true, as can be seen, for 
example from the work of Isakov |Isa93] . Thus the Backlund extension 
method is the only way in which one can solve HNLSjj" by extension to 
a solution of NLS on R. 

We now develop further properties of the Backlund extensions. 

Definition 4.16. Let g G R and let u G LJq^(R). We say that u is 
q-symmetric if 

(4.33) u = TZBqU. 

Remark 4.17. Note that if u{x) is g-symmetric, then u is the Backlund 
extension of u\^+. 

Proposition 4.18. The Backlund extension of a function u G L]g^{M) 
is q-symmetric. 

Proof. By (I4.1ip and Lemma HZ^ii), 

{nB,u-)W+ = n{{B,v^)W-) = n{B-{u'W-)) = tzb^tzb^u = u, 

and 

(7^sx)lR- = 7^((sx)k+) = 7^(i3+(M^|R+)) = tzb+u. 

□ 

Lemma 4.19. Let u{x) G H^'^{M.). If u is q-symmetric, then (5 = 
= In other words, P{x) — )■ —ifia^ as \x\ — )■ oo where = g^. 

Proof. From the proof of Lemma l474l P{x) = (T3P(— x)(T3 and the result 
follows from Lemma [4.81 □ 

The above calculations together with Proposition 13.11 imply the fol- 
lowing. 

Proposition 4.20. Suppose that u{x) is q-symmetric. Let P{x) solve 
(14. II) with Q{x) = (_^^"o^'') ^''T'd let ip{x,z) he an eigensolution of 
(13.51) . Set ip{x, z) = {z -\- P{x))ip{x, z) . Then, 

^{x, z) = a3ip{-x, -z) = a3{-z + P{-x))i!{-x, -z) 

and 

ip'^{x, z) = {—i)a2ilj{x, z) = ai{z — P{—x))%jj{—x, —z) 
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also solve fl3.5p where ai = ( ? J ) is the first Pauli matrix. Thus the 

maps ip ip and ip are auto-Bdcklund transformations for the 

equation (13. 5 P . In particular, 

(4.34) V^(x,z) = a3(z-P(-a;))V^^(-x,-z)(z + i/3a3)"V3, ^gM 
and 

(4.35) ^^{x,z) = ai{z - P{-x))ip^{-x,-z){z - if3a3)-^ai, z eR 

where ip'^i^Xjz) are the associated ZS-AKNS solutions and P{x) — )■ 
—if3as as X —> ±oo. 

Remark 4.21. As (x, z), ip2{x,z) continue analytically into C^, for 

zeC+\ 

(4.36) ^+(x, z) = - P{-x))^lJ2{-x,-z), 
and for z G C+ \ 

(4.37) V2"(x,2;) = -^^1(2; - p(-a;))^+(-x, -z). 

If /3 > 0, say, it is easy to check that the apparent singularity in f l4.37p 
as z — )■ 2/3, is in fact removable, as it should be, etc. 

Lemma 4.22. Suppose that u{x) G if"'^'^(]R) is q- symmetric. Then, the 
scattering function a{z) of u{x) does not vanish at z = i\q\. 

Proof. Let ipf, ip2 be the associated ZS-AKNS solutions and let P{x) 
solve (14. ip . By Lemma |4.19[ P{x) — )■ —ifia^ as a: — )■ ±00 where = q^. 
Suppose first that (3 = —\q\ <Q. If a(i|g|) = 0, necessarily ip^{x,i\q\) = 
7'?/'^(x, ilgl) for some constant 7 7^ 0. But then, it follows from ( I4.37P 
that 

'y 

-^liO, i\q\) = 7V'2"(a;,^|g|) = 77^^i(%l - ^^(^3)^^(0, i|g|). 

2t\q\ 

As i|g| — -jgas is either (o2ig) or ( ^ ), we conclude that ipf{0,i\q\) 
= 0, which is a contradiction. If = |g| > 0, we utilize (I4.36p and the 
proof is similar. □ 

Remark 4.23. It follows by Proposition 14.181 and Lemma [4.221 that the 
scattering function a{z) of any Backlund extension of u G i/^'^(]R"*") 
does not vanish at z = i\q\. 

Bq, B"^ are not continuous in i7^'^(M), if^'^(M^), respectively. In 
other words, a small perturbation of u{x) may not result in a small 
perturbation of the Backlund transformation u{x). For example, con- 
sider the case when g > and u{x) = on Let f\{x) = v\{x), 
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X > 0, where vx is defined by (11. 6p . Then, ||/A||/i'i>i(R+) ^ as A | g. 

From RemarkiJSl ||/a||hi.i(r+) = \\vx\\m^iR-), but \\r]x\\m,i(R~) is not 
small for any A > g > 0. In the case when g < and u{x) = f^lR"*", 
there is a sequence of 2-solitons with symmetry conditions which con- 
verges to Vfj^ on M+. 

The following lemma, however, shows that Bq, are continuous 
at M G iJ"'^'^(R"'") for which g2{0,iq;u) ^ 0, where g{x,z) = {91,92)^, 
X > 0, 2r e C+ be as in the proof of Proposition 14.71 

Lemma 4.24. Let q > be given. Let he any sequence in 

H^'^iW^) such thatun u as n ^ 00. If 92(0, iq) 7^ 0, then TZB^Un — )■ 
TZBqU. In particular, — )■ where u^, are the Bdcklund exten- 
sions ofun, u, respectively. 

Proof. Note that g{x,z]u) = ipf {x , z; u'^) , a; > 0. From Remark I4.23[ 
we have a{iq;u^) 7^ 0, and hence '^i{x,iq]U^) = Ci{u^)ipi{x,iq;u'^) + 
C2{u'^)ip2 [x^iq^u'^), where Ci(u^) = ('?/'^)2(0, zg; M'^)/a(zg; u^), C2{u^) = 
— {'4'i)2{0,iq]u^)/a{iq;u^). Note that C2{u^) is non-zero. Let ^„(x) = 
((en)i, {^n)2f = tq; Oe-'?-/2 and ^(x) = (^i, 6)^ = iq; u')e-'^-l\ 

From (14. 5p . we see that 



»+ o (^n)l(^n)2 

B^Un = Un-2q- 



mi\' + m2\ 

and 
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B+u = u-2q 



By Lemma [TTTI we have a{iq;u^) — )■ a{iq]U^) and hence Ci(m^) — )■ 
ci(m^), C2«) C2{u^). Set m^(a;, z) = ((7712)1, (771^)2)^ = -0^(3;, z)e^^^/2. 
Again by Lemma [7?T| we have ipi{x, iq; u^) — >• il>f{x, iq; u^) in if^'-^(R"'"), 
(7712 )i(x,ig;0 ^ (77i^)i(x,2g;M^) in ifi'^(R+), (777^)2(x, ig; <) -> 
(m^)2(a;,2g;M'') inL°^(R+), and (9^,(777^ ) 2(0;, ig; -)• dx{m2)2{x,iq]u'') 
in L2(M+), As |6(a;)P + > c > for all x > 0, we conclude 

thai B+Un ^ B+u in H^'\m+). □ 

The following fact is basic. 
Proposition 4.25. If u E C"'^(R) is q- symmetric, then 
(4.38) m'(0) + gM(0) = 0. 

In other words, q-symmetry yields the boundary condition. 
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Proof. Observe that Q{0) = Q{0) - i[a, P{0)] = Q{0) and 
Qx(0) + Q..(0) = 2g,(0) - t[a, P,(0)] 

= 2Q,(0) - g(0)P(0) - P(0)Q(0)] 
= 2Q,{0)-t[a,tq[as,Qm] 
= 2(Q,(0) + gQ(0)). 

As Qa;(0) = — <5x(0) by the g-symmetry condition, the equation (14.38P 
follows. □ 

Proposition 4.26. If u e C'^{R+) and u'{0+) + qu{0) = 0, then the 
Bdcklund extension of u belongs to C"^' 



Proof. From the proof of Proposition I4.25[ we have u'^(0— ) = m'^(0+) 
and K)'(O-) = K)'(0+). For m"(0), 

= -t[a,dlPm 

= -t[a, Q^P - PQ^ + QP^ - P,.Q](0) 
= -t[a,-Q,P-PQ,-[P,,Q]{0) 
= -z[a, -«g[[a3,g(0)],g(0)]=0. 

□ 

We need the following lemma to prove Proposition 14.281 below. 

Lemma 4.27. Let \E'(x, z) be any invertible solution to (13. 5p for z eM. 

Then, 

S{z) = lim e"""^(-x,z)$-^(x,z)e^^^". 

x—^oo 

Proof. Let -ip"^ = be the ZS-AKNS solutions normalized at 

±oo, respectively. As ip~^ solves (13. 5p and is invertible, 2) = 
{x , z) M (z) for some invertible matrix M{z). 



lim e*^^"^(-a;,z)^-^(x,;z)e*^^" 

x—>oo 

lim e'"">+(-x, z){tlj+{x, 2))-^e'""" 
lim e'"">-(-x, z)S{z){tlj+{x, z))-^e'""" 



Since {—x,z)e^^^'^,ip^{x,z)e — )• / as x — )■ 00, we obtain the 
result. □ 

For u G the g-symmetry condition fl4.33p can be reformu- 

lated in terms of the scattering data of u as follows. 
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Proposition 4.28. Let g G M \ {0} be given. Suppose that u E Q C 
H^'^iW) is generic with scattering data a{z), b{z), = {zi, ■ ■ ■ ,Zn}, 
r_|_ = {7(21), ■ ■ ■ ,'y{zn)}- Then, u is q-symmetric if and only if 



(4.39) 



a[-z 



b{-z) = b{z) 



a{z), zeC+ 
z + i(3 



z — if3' 



z G 



Zk ^ ±i(5 and -f{zk)'y{-Zk) 
U = (-!)> 



Zk + iP'' 



Remark 4.29. Note that if u is g-symmetric, then a(i|g|) 7^ by Lemma 
14.221 Hence Zk 7^ ±2/3. For if Zk = ±^/3 then zl = — = —q'^ and so 
Zk = i\q\, which contradicts ^(^Iq'l) 7^ 0. 

Remark 4.30. For z G M, we have 



\r{z)\ 



b{z) 




bi-z) 


a{z) 




a{—z) 



\r{-z)\. 



By setting z = in the symmetry condition for b{z), it follows that 
6(0) = and hence r(0) = 0. 

Proof. Suppose first that u{x) is g-symmetric. From fl4.35p . it follows 
that for z eR, 

s{z) = irr'i^'-ix,z) 

= ai{z - i/3a3){ip+)-'^ip-{-x, -z){z - i/Sasy^ai 
= (7i{z - if3a3)S-'^{-z){z - i/3(T3)"Vi. 



(4.40) 



(4.41) a{z 



a(z) -b{z) ' 
) a(z) ■ 

2; G M and hence by analytic continuation, 



As S(z) = , ^-4 ), we conclude that a(z) = a(—z) and b(—z) 

^ ' ^ b{z) a(z) ' \ J \ I \ I 

b{zy-^ 



a{—z), z G C+ and b{—z) = b{z 



z + il3 



z G 



z — i(3 

Let \&°(a;, z) be the solution of (13. 5 p with \E'°(0, z) = I. By Proposition 
KM there exists an Mo{z) such that a3{-z + P(-x))^°(-x, -2;) = 
'i'^{x,z)Mo{z). Setting x = 0, ;z = 0, we obtain Mo(0) = -iql and 
hence asP{—x)'^^{—x,0) = — 'ig\E'''(x, 0). Thus, by Lemma [4. 2 7[ 

S{0) = lim ^°(-a;,0)(^°)~^(s,0) = lim -iq{a3P{-x))-^ = |/ 



On the other hand, from (ICTj) . a(0) = a(0), 6(0) = and so 5(0) 
a(0)/. Note that a{z) has the explicit formula (I3.24p (recall |rp 
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|6|V|a|Map + |6p = l), 



(4.42) a(.).n_e.p[-y__^i-JA^d, 



Using this formula together with 6(0) = and |6(— z)| = \b{z)\ from 
f l4.4ip . we see that a(0) = 11^=1 ^fe/ 11^=1 computing a(0) = 

hm2^o,zec+ '^(-2) via f l4.42p . we have used the fact that b{z) G H^'^ C 
(see (Km ) and so |6(z)p = OQ^I) as ^ ^ 0, ^ G M. As a{zk) = 
if and only if a(-z^) = 0, a(0) = FILil "^)/ HLi ^ = (^1)"- Thus, 
/3 = q/a{0) = (— Now using fl4.37p . we see that 

'lpt{x,Zk) = -f{Zk)ij2i^^Zk) 



Zk - ^/3 



(Ti{Zk - P{-X))ijt{-X, -Zk) 



Zk - i(3 



ai{zk - P{-x))i)^ (-S, -Zk) 



Comparing with f l4.36p . we obtain '-f{zk)'-f{—Zk) — ^^.^j^- 

Conversely, suppose that the scattering data for u{x) satisfy the sym- 
metries fl4.39p . Denote by m{x,z) = {mi{x, z),m2{x, z)) the solution 
to the normalized RHP with the jump matrix 

, , fl + Ir^iz)]'^ rx(z)\ , , , , 

= ( VAT) 1 )' '■'W-'-w^-"' 

Define 

(4.43) b{x) = {mi{x,i/3),m2{x, —ijS)). 

From the relation in Proposition I3.1( i). we see that m2{x, —if3) = 
ia2mi{x,if3). Hence det 6(x) = |mi(x,2/3)p > and so b{x) is in- 
vertible. Set 

(4.44) Uo = -if^as, U{x) = b{x)Uob{x)-\ 

and define 
(4.45) 

(ri{z - U{x))-^m{x, z){z - f/o)a(2)"Vi , ^ G C+ \ {z|g|}, 
0\{z — U{x))^^m{x^z){z — \jQ)a{z) ^cxi , z G \ {— 



■m\x,z] 



Claim: m{x, z) = m(— x, —z). 
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We prove this claim in a number of steps. First, for ^ G M, 

{rh^)~^m^{x, z) = aia{z) ^ {z — Uq)^^Vx{z){z — UQ)a{zY^(Ti 



r-x{-z) 1 

Here, we used the symmetries (14.391) for the scattering data. Set 
m^{x,z) = rh{—x, —z). Then, 



(m*„) m*^{x,z) = (m_)~im+(— a:, — =Vx{z). 
Observe that for ^ G C \ (M U {±i\q\}, 

{z-U{x)) m{x,z){z-Uo) = b^^^_,^^^^^^ (b-m),r 

Since (b~^m)2i(x, i(3) = and {b~^m)i2{x, —if3) = for a; G M, m*(x, z) 
does not have a pole at z = ±«/3 in the 2;-plane. As m G ^, for any pole 

zk e C+, 

Resm(x, 2;) = \im {z — Zk)m{x, z) = lim m(x,z) ( P n 

where Cx{zk) = €""^'=0(2;^) and c{zk) = ^jf^- Equivalently, 
(4.46) 

lim a{z)mi{x,z) = a{zk)m2{x, Zk)cx{zk) = 7(2;fc)m2(x, 2:^)6""^'=. 

For m*(x, z), we have 

( 4.47) 

Res_m#(— X, z) 

Z=-Zk 



\im_{z — {—Zk)'m^{~x, z) = lim —{z — Zk)m'^{—x, —z) 

Z^ — Zj^ Z^Zj^ 



lim —ai{z — U{x)) -^{z — Zk)'m{x,z)a{zy^{z — Uo)ai 
lim -0-1(2; -U{x)Y^{z - Zk) {a{z)mi{x,z) ""^[^^ j {z - Uq)c 
-a^{zk-U{x))-' f^m2ix,Zk) 



Thus at —Zk, the second column of m'^{x,z) is analytic, and the first 
column has a simple pole. A similar calculation shows that at —Zk, 
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the first column of m*(x,2;) is analytic, and the second column has a 
simple pole. On the other hand, if we set cf{zk) = e~*^^'=c*(zfc), then 



hm mF(—x,z] \ , . „ = lim m^i—x.—z 



/ 

= \im ai{z-U{x)) m{x,z)a{zY^{z -Uq)oi\ . 

^^^k \cZ^{-Zk) 

= lim ai{z - U{x))-^ ('c#^(_^)(2 + il3)a{z)Tni{x, z) o) 

= ai{zk - (c#(-I^)(2;fe + z/3)7(zfc)m2(x,Zfc) O) , 

Here we have used (14.461) . Comparing with f l4.47p and using (14.391) . we 
have 



C*{-Zk) 



a'{zk)-f{zk) Zk + iP a'{zk) 



As a{z) = a{-z), = -{ _^[^^—^ ) and so a'{zk) = -a'{-Zk). Hence 

it follows that d^{—'Zk) = l'^--^) — c(— ^) and so c*{zk) = c{zk) 
for k = 1, ■ ■ ■ ,n. Assembling the above results, we conclude by the 
uniqueness for the RHP that m^{x,z) = m{x,z), which proves the 
above Claim. 

Now fix X = and write b = b(0) and m(z) = m(0, z), etc. If g > 
and n is even, then z/3 G C"*" and 



= lim {biz - Uo)-'b-'m{z){z - Uo)a{zr^)^^ 



bi2 

a{if3) 

mi2{-i(5) 1 



(-m2imi2 + miim22)(«/3) 



a{i(5) det b 
a{ij3) det b ' 

Let Z^^^ = Z+niR and = Z+ n G C+ : Re^ > 0}. If Zk = 
G Z^\ then by the symmetries fl4.39p . < |7(«0P = |^ so 
^ < 0. If G , then G Z+ and ^^-f^^^-jzfi) = |fa|2 > q. 

Since n is even, \Z^^ \ is even and hence we see that 11^=1 if^if ^ 0- 
the other hand, as \b{-z)\ = \b{z)\, ^ G R, we see ^ i°g(HfoWP) dg g zR, 
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SO it follows from the formula f l4.42p that a(i/3) > 0. Since det b = 
|mi(i/3)p > 0, it follows that 

■m2i{0,iq) = m2i(0,i/3) = 0. 

It follows in a similar way that 

m2i{0,iq) = m2i(0,i/3) = 0, if g < 0, n is even, 
mii(0, —iq) = mii(0, i(3) = 0, if g > 0, n is odd, 
mii(0, —iq) = mii(0, if3) = 0, if g < 0, n is odd. 

Set ip{x, z) = m{x, z)e*^^°". If n is even, 

'i'%x,iq) = ^{x,iq)tp{0,iqy^ei = CiV^i(x,ig) = Ciipi{x,i(3), 

for some nonzero constant Ci. If n is odd, 

"^Kx, -iq) = ip{x, -iq)ip{0, -iq)~^e2 = Ciipiix, -iq) = C2ipi{x, i(3), 

for some nonzero constant C2- Thus, using the symmetries \l/2(a;, ^) = 
ia2'^i{x,z), etc., we obtain 

^{x) = {^%x,^q),^'2i^,-^q))={ ) '\ 

In both cases we see that 

U{x) = b{x)Uob{x)~^ = ip{x){-iq(Js)ip{x)-^ = P{x). 

where P{x) solves (14. ip . Let ■m{x,z) = I + '"^J^-' + o(i) and a{z) = 
1 + ^ + o(^) be the expansions as 2; — )■ oo, |Im2;| > c|Rez|, c > 0. As 
m{x,z) = m{—x, — ^), it follows from (I4.45P that 



—mi{—x) = ai{P{x) + mi{x) + aia^ — f/o)ci- 



From the symmetries m{x, z) = a2m{x, z)a2, P{x) = a2P{x)a2, we see 
that (mi)i2(a;) = —(^^1)21(3;) and Puix) = —P2i{x). Hence, it follows 
that 



u{x) = -i{mi)i2{x) = i{ai{P{-x) + mi{-x) + aia^ - Uo)ai)^^ 



= i{P{-x) + mi(-x))2i = -i{mi)i2{-x) - iP^i-x) 
= u{—x) — iPui—x) = u{—x), 

which completes the proof. □ 
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Remark 4.31. Suppose we are in a situation when the reflection co- 
efficient r(z) = I is small, as is the case corresponding to our data 
Uq = Vfj_ + ew (note that for e = 0, Mq = "^^ gives rise to a solution with 
r = 0). The solution of the RHP m = {fnij)i<i,j<2 is given by (see 

(4.48) m(x, z) = I + — I /f^Mi!^£MllZlds + polar terms. 

27r« s-z 

where ix^ solves f l3.34l) . For r small, we see that /i ~ / + z/ where v is 
a sum of polar terms. Substituting fi^ I + i> into (14. 48 p . we obtain 

u{x) = —i lim z'mi2{x,z) 

z—^oo 

= i [ IJ'xivx — I) \- polar terms 

~ — / r(2;)e*^''^~''^*''^^ + polar terms 

Here, as |ap = 1 — r = | ~ 6. Neglecting the polar contribution 
we see that this formula is of the same form as formula (ll.3ip for the 
solution in the linear case Ue{x,t) = /rC**^^^"*^ l'^'>u[z)dz. Here {iz + 
q)u{z) is anti-symmetric. But from (I4.39p . b{z){iz+f3) = —b{—z){—iz+ 
(3), so that in the case /3 = q, we see that b and u have the same 
symmetry. Thus the Backlund extension is not only the nonlinear 
analog of the method of images; it is the non-linearization of the method 
of images. 

The situation is even more striking in "u-space". Indeed, from (14. 5p . 
u = u- 2g^^^if|^, where ^ = (^i, 6)^ solve 

(4.49) d,^ = {zza + Q)^, ^{x = 0) = e^. 

Iterating (I4.49p for u small, we obtain ^(x) = (e~^^/^, — e'^'^''^'^y^^^u{y)dy) 
0(^2). Thus u{x) = u{x) + 2q /g" ei^'=-^y^/^u{y)dy + 0{u'^). As u{x) = 
u{—x) for x < 0, we see that u'^{x) is precisely the same as Ue in (ll.30p . 
up to terms of order u^. 

The following result is an immediate consequence of Theorem [S] and 
Proposition 1123 Recall from (K26\\ that r € i7^'^(R) if and only if 
b G H^^\R). 

Corollary 4.32. Let{r,Z+,K+) G //^'^ x x (C\0)". Define a{z) as 

in (13.241) and set b{z) = a{z)r{z) . If {a{z),b{z), {zk}, {■Jk}, f^} satisfies 
(I4.39p . then u = I{r, Z^, K^) G i/"'^'^(M) and is q-symmetric. 
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Remark 4.33. Consider the 1-parameter family of 1-soliton solutions 

giA2t/2^^ of NLS, 

(4.50) r]xix) = AseclL(Ax + tanh"^(g/A)), |g| < A. 

A direct calculation shows that the scattering data of Q = ( 'g' ) is 
given by 



z — i\ /A + g 

n=l, zi=iX, a{z) = — — , b{z) = 0, 7(zA) = W , 

z + zA y A — g 

from which we immediately check by (14.391) that rix is g-symmetric. 
Note that r]x coincides with the nonhnear ground state vx for x > 0. 
In view of Remark I4.17[ the Backlund extension of vx\r+ is rix- 

Theorem |6l Proposition I4.18[ Proposition 14.251 and Proposition 14.281 
imply the following important result. 

Proposition 4.34. Let u{t) solve NLS on M with u{t = 0) = Mq G 
H^'^{E.). Ifuo is q- symmetric and generic, thenu{t) is q- symmetric for 
allt > 0. If u(t) is a classical solution, then u(t)\M.+ and TZB'^ {u(t)\^+) 
solve HNLS^ , respectively. 

From Proposition 14.71 the Backlund extension u'^ oi u E i/^'^(]R^) 
belongs to if^'^(M). In order to compute the scattering data for m*^, we 
need to know G Q. We have the following proposition. 

Proposition 4.35 (Scattering data for the Backlund extension). Let 

u{x) G if"'^'^(]R+) and let g{x,z) be the (unique) solution of (13. 5 p for 
X > 0, z E C+ given in (I4.13P with g(x, z)e~^^^^'^ — )■ ei as x — )■ oo. 
Denote (^g) =g{0,z). Defi^ 



ne 



(4.51) /3 



(z) 

q, if q>0,B{iq) = or q < 0, A{-iq) ^ 0, 
- q, if q> 0, B{iq) 7^ or g < 0, A{-iq) = 0, 



and for z G C+, set 



1 



(4.52) a{z) = — {{z - iq)A{z)A{-z) - {z + iq)B{z)B{-z)) . 

Suppose that a{z) has only a finite number of zeros Zi, . . . , z^, n > 0, 
in C+, all of which are simple and lie in C^. For 5; G M, set 

(4.53) h{z) = + iq)A{-z)B{z) + {z - tq) A{z) B {- z)) , 
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For 1 < k < n, set 
(4.54) 7(zfc) = 



Zk + n B{-z^) 

Zk - if3 B{zk) 



Zk - A{-'z^) 



ifA{zk) = 0, 



Then, the Bdcklund extension of u is generic and {a{z), b{z), {z^}, 
{ik}} is the scattering data S{u^) foru^. Moreover, S{u^) satisfies the 
symmetries (14.391) . 

Proof. Let be the Backlund extension of u and let P'^{x) solve 
(14.11) . As u'^ is g-symmetric, we have P^(x) — > —iP'^as as \x\ — ?■ oo, 
(/3e)2 = (^^e)± ^Yie associated ZS-AKNS solutions. It IS easy 

to check from the proof of Lemma 14.81 that in fact f3'^ = p. Clearly 
{^^)f{x, z) = g{x, z), X > 0, z E C+ and hence (■?/'^)^'(0, z) = g{0, z) = 
{A{z)., B{z))^ . As is g-symmetric, we see from (14.341) that 

Thus, by (I330il . ¥{z) = b{z;u^) = det((V^^)^, (^^)+)(0, ;z) = b{z). On 
the other hand, it follows from (I4.37P that 



So, the scattering function 0^(2;) = a{z; u^) = det{{ip'^)f, (4'^)2){0y z) = 
a{z). From this fact, we see that a^(z) has only a finite number of zeros 
zi, . . . , Zn, n > 0, in C+, all of which are simple and lie in C"*". Moreover, 
if A{zk) ^ 0, then {{r)tW, ^k) = A{zk) ^ and so ((^^)2")^i(0, Zk) ^ 
0. Thus the norming constant Y{zk) = lizk^u'^) = ^/^e!-!^!n'^''! = 

Zk-il3 Ajzf,) 



^. If A{zk) = 0, then B{zk) 7^ and hence H^") {) 2(0, Zk) 



B{zk) ^ 0. So, {{r)2)2{Q.Zk) + and hence ^\zk) = fj^ffg = 

f5f Hence Yizk) = l{zk). Thus {a{z), b{z), {zk}, {7I}} is the 

scattering data S{u'^) for m^; the fact that u'^ G Q, follows directly from 
our assumption on a{z). □ 

Remark 4.36. The fact that {a{z), b{z), {zk}, {'Jk}} is the scattering 
data iS(m'^) for m^, implies a variety of regularity properties for a{z),b{z). 
In particular, it follows necessarily that if /3 = then the apparent 
singularity of a{z) aX z = ij3 is removable: this can be seen directly as 
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follows: /3 = |g| if g > and B{iq) = 0, or g < and A{—iq) = 0. In 
the first case we have 



a(z) = A(z)A(-z) - :L-^Biz)Bi-z) 

z — iq 

and in the second case we have 



a{z) = j^A{z)A{-z) - B{z)B{-z). 

In both cases, the analyticity of a{z) is clear. Furthermore, as 2 — )■ i|g|, 
a{z) — )■ or — |_B(i|g|)p, respectively. As A{z) and B{z) cannot 

vanish simultaneously, we see that a(i|g|) 7^ in both cases. If g > 
and B{iq) 7^ 0, then (3 = —q and a{i\q\) = a{iq) = —\B{i\q\)\'^ 7^ 
and if g < and A{—iq) 7^ 0, then (3 = q and a(z|g|) = a{—iq) = 
7^ 0- This shows that a{z) is analytic in C"*" and non-zero at 

z = i\q\. 

To see that the norming constant 7(2;^) in (14.541) are well-defined and 
non-zero, suppose that B{—Zk) 7^ 0: if A{zk) = 0, then as a{zk) = 0, 
we must have from fl4.52p that B{zk) = 0, which contradicts the fact 
that A{z) and B{z) cannot vanish simultaneously. Thus A{zk) 7^ and 
7(zfc) is well-defined and non-zero. If B[—'Zk) = 0, then A{—'Zk) 7^ 0. 
If B{zk) = 0, then again from fl4.52p we see that A{zk) = 0, which 
is a contradiction. Thus we see that in all cases 7(2;^) is well-defined 
and non-zero. Finally, the fact that |a(2;)p + = 1, ^ G M, in a 

direct calculation using (jSSDdlSSD together with \A{z)\'^ + \B{z)\^ = 1, 
2; G M, from fl3.2Up . The symmetry properties (14.391) can also be verified 
directly. 

Remark 4.37. As noted in |Tar91j . p. 437, in the repulsive case k = 
— 1 in (II. ip . corresponding to the defocusing NLS equation, one can 
similarly construct the Backlund extension u"^ of u as above. In this 
case, however, a{z) may have a zero on the imaginary axis, so that the 
spectral data for is singular. This is the analog in the nonlinear 
situation that the method of images in the linear case breaks down if 
g > 0, as described in Section 1. 

The set of functions u on whose Backlund extensions u"^ are 
generic, is open and dense in i7^'^(]R+). We have the following result. 

Proposition 4.38. Let he the set of functions u G -//""^'^(M^) such 
that the scattering function a{z) of the Backlund extension of u has 
only a finite number zeros in C+, all of which are simple and lie in C^. 
Then, Q'^ is open and dense in H^'^{W^). 
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Proof. For u G Q^, consider a small disk D = D{u,e) in 
centered at u with radius e > 0. For v E D, let g{0,z) = g{0,z;v), 
a{z) = a{z; v) and (3 = f3{v) be defined as in Proposition 14.351 By 
Lemma 17.11 



(4.55) 

We have \a{z; u) 
As \z - = 



sup sup I (7(0, z; v) — (7(0, z;u)\ < ce. 



> c > for z G . 

\z — z G 



.. Define ai(z; f) = a(z; 
it follows from fl4.55p that 



\a{z-v)\ 



ai{z]v) 



> \a{z; u)\ 



ai{z; v) — ai{z; u) 



> c - ce > 0, 



for sufficiently small e > 0. On the other hand, since a{z; -u) — )■ 1 as 
z — )■ 00, by (14.551) again, we have for some R > 0, \a{z; f )| > c* > for 
1^1 > R, uniformly for f G -D. Now ai{z; u) has only a finite number of 
zeros in C"*", all of which are simple. This is clear for z 7^ However, 
if /3 = |g| > 0, then as a(i|g|; u) 7^ 0, ai{z] u) has only a simple zero at 
z = i\q\ = ip. Again by Lemma [7.11 together with Rouche's theorem, 
we see that ai{z] v) also has only a finite number of zeros in C"*" all of 
which are simple. This proves that is open. 

We will show that g+ is dense in H^'^(R+). Let u G H^'^(R+). 
We can assume that u has compact support, say [0,L]. Let p{x,s) = 
u{x) + sv{x) where s G M, and v G //^'""^(M^) has compact support 
in [L,L'], L' > L, and will be determined later. Denote the associ- 
ated ZS-AKNS solution normalized at +00 by iIj~^{x, z;p), x > 0. Let 
m'^{x, z;p) = ip~^(x, z;p)e~'^^'^'^ = (171^^1712), 171^(0, z;p) = (^"^^^'^"^ 

mti0.z;u) = (^g) and /(x,.) = 
p{x, s) has compact support, m'^{x, z;p) is analytic in ;z-plane. By dif- 
ferentiating the integral equation for mf with respect to s at s = 0, we 
obtain 



B(2;p) )' 

Note that since 



1 

g ^-iz{x-y) 

1 

g-«2(a;-j/) 

I + 11 



V 
-V 

u 
-u 



mf{y,z;u) 



Since m^(x, z] u) = Ci for x > L and v{x) = for < x < L, we have 





I = e" 



ciz 



, < X < L, 
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where c{z) = t>(?/)e*^^. Therefore, for < x < L, 

Since c(2;)m^(x, 2;; m), z G M, solves the same integral equation, it fol- 
lows by uniqueness that 

(4.56) e*^^/(x, z) = c(2;)m^(x, z; u). 

for < X < L and z G M. But then by analytic continuation, fl4.56l) 
remains true for all z G C, < x < L. Thus, 

(4.57) _^ 

d fA{z-p)\ _ j(o,^) = c(z)m+(0,^;M)=c(z)'^~^^^) 



ds 



s=0 



B{z;p)J ^ ' \ A{z) 



Let ai{z, s) = ai{z; p) = a{z; p){z — i[5{p)). Then, 

(4.58) ^(z, 0) = c{z)iI(P¥) - ^F^/i(z), 

where 

/i(2) = {z- iq)A{z)B{-z) + {z + iq)A{-z)B{z). 
Now we prove that, for suitable choice of v, 

(4.59) 

for any zero ^ of a{z) = a{z; u). We first show that /x(^) and /i(— ^) do 
not vanish simultaneously. Recall that 



(4.60) detm+{x,z) = l^A{z)A{-z) + B{z)B{-z) = l, z e C. 

Suppose that a{^) = 0, /i(^) = and /u(— = for some ^ G C+. Note 
that ^ ^ i\q\. If 5(0 = 0,j4(O 7^ 0. But then as a(0 = O^A(-0 = 
by K^ . But then 5(-0 ^ and it follows from /i(-0 = that 
A{^) = 0. This contradicts f l4.60p and hence B{C,) 7^ 0. On the other 
hand, if A{—^) = 0, then as a(0 = and B{^) 7^ 0, we must have 
B{—^) = 0, which is a contradiction. Hence A{—^) ^ 0. Now as 

a(0 = 0, (^ - iq)A{^) = (^ + iq)B^B{^) and hence by fODD again. 



m = (e + ^g) (SLMBiOBi-o + 

VA(-o 

= (^+«g)^^ 7^ 0, 
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which is a contradiction. Now, as a{z] u) is analytic across M and 
a{z]u) — i- 1 as 2; — )■ 00, z G C+, a{z;u) has only a finite number of 
zeros in C+. As c{z) = v{y)e''^y and c{—'z) = f (?/)e*^^, using 
the above results, we can find a function v such that f l4.59p is satisfied 
for all the zeros of a(z; u). For example, a simple way to do this is to 
consider v = e^^6L{x), where 6l{x) is a delta function at a; = L, and 
then choose 6* G M appropriately; smoothing out v then produces the 
desired v. But then, by Proposition 14.391 below, all the zeros of ai{z;p) 
are simple for sufficiently small s 7^ and hence so are those of a{z;p). 
In other words, there exists p{x) which has compact support such that 
a{z]p) has only a finite number of zeros in C+, all of which are simple. 
We now show that any real zeros of a{z]p), if there are any, can be 
moved off the real axis by perturbing p{x) — Ps{x) = p{x) + sv{x), 
where v{x) again has compact support, and s 7^ is arbitrarily small. 
By standard analysis, if ^ is a simple zero of a{z; Ps=o)y then for s small, 
a{z;pg) has simple zero ^(s) near ^ = ^(0), a{^{s)]pg) = and ^(s) is 
differentiable. As ai{C,{s)]Ps) = 0, we have 

(4.61) o = e'(0)a;(e(0);j9) + ^(e(0);j9). 

Here fl4.58p is given with u replaced by p. If a{z;p) has real zeros, as 
a[{^{0)]p) 7^ 0, it is easy to see that we can choose v such that fl4.59p 
is satisfied and ^'(0) is not real for all (the finite number of) real zeros 
1^(0) of a{z; p). Thus, for sufficiently small s 7^ 0, all the zeros of a(z; ps) 
in C+ are simple and non-real. This completes the proof that is 
open and dense in if^'^(]R"'"). □ 

Proposition 4.39 ( |BDT88] . p. 72). Suppose U is a neighborhood of 
the origin m C x M and suppose h : U ^ C is smooth and holomorphic 
with respect to the first variable. Suppose 

dh 

/i(0,0) = 0, —(0,0)^0, h = hiz,s). 

Then, for small s 7^ 0, the zeros of h{-, s) near z = are simple. 

Remark 4.40. It is of interest to see whether the scattering function a{z) 
for the Backlund extension of a function u G if^'^(M"''), can indeed have 
zeros on M. Fix any integer n > and let ^ = \/2{n + ^)Tr > and 
q = ^ cot^ ia finite and non-zero. Define u{x) = |x[i,2], a; > where x 
is a characteristic function. Then, a direct calculation shows that for 
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zeR, 

A{z) = cosW^ - ^7^^^^}' 

3iz 

B{z) = ^smW, 



where W = W{z) = l^/^ + z^. Since A{-z) = A{z) and 5( 
Biz), by g32D, 



and it is easy to check that a{z) vanishes at 

Before we present the proof of Theorem [71 we need the following 
lemma of approximation. 

Lemma 4.41. Suppose u G H'^'^{M). Then there exists a sequence of 
smooth functions {«„} with compact support in [0, oo) such that 

(i) Un-^u m 

(ii) 'U^(O) + gMn(O) = 0, and 

(iii) the Bdcklund extension of Un is generic. 

Proof. As the set in Proposition 14.381 is open and dense, it is enough 
to show that there exists a sequence of smooth functions {u„} with 
compact support in [0, oo) such that (i) and (ii) hold. By standard 

estimates, there exist smooth functions Un'' with compact support in 
[|,oo) such that Mn"* — )■ m in oo). Now let {/„} be a sequence 

of functions in C^(0, 1) such that /„—>/ = m' + in L^[0, 1]. Set 
v!n^ = e-«^u(0) + /p'e-«(^-")/„(s)ds, x e [0, 1]. Then u'n\x) is smooth 
and {u^^^y{x) + qu^^\x) = /„(a;), so that {u^n^YiO) + qu^n\o) = /„(0) = 
0. Also Un^ converges in L^[0, 1], Un'^ — )■ u^'^\ and we have u'^'^^x) = 
e-«^u(0) + /(^e-'?(^-^)(M'(s) + qu{s))ds = u{x). But then {ui?)' = 

fn - qun'' {u' + qu) -qu = u', also in ^^[0, 1]. Let x ^ C^(ffi^) such 
that < x(^) ^ 1? x(^) = for < a; < |, and x{^) = 1 ^oi x > 1. 
Let Un = Un^x + Un\l — x) ■ Then clearly u„ — > u in if-'^'^(]R+) and 
<(0) + gu„(0) = 0. □ 

Proof of Theorem^ Suppose that g > 0. The case g < is sim- 
ilar. Let g{x,z) = {gi,g2)^ be as in the proof of Proposition 14.71 If 
(72(0, iq; ) 7^ 0, then by Lemma 14.411 we can choose a sequence {mq"^} 
of C°°-functions with compact support in [0, 00) such that 

(1) ^ Mo as n ^ 00 in H^'\R+), 
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(2) (4"^y(0+) + g4"lO) = 0,and 

(3) the Backlund extension {u^q^^Y of Mq"'' is generic. 

As ■Uq"'' has compact support, it is easy to verify from f l4.5p that TZB^Uq 
is also smooth and decays at least exponentially. It follows by Propo- 
sition 14.261 that {u^Q^Y G if^'^(M) and hence it follows by Proposi- 
tion O that NLS has a solution <(t) = <(x,t) in H^^^{Wj with 
M^(t = 0) = {u^q'^Y- particular, is a classical solution of NLS. 

By Proposition 14.341 together with the properties of above, we see 
that solves HNLS;j". On the other hand, by Lemma 14.241 be- 

low, we see that {u^q^Y ~^ ""o H^'^{E^ and hence u'^{t) — u'^{t) in 
iJ^'^(]R) as n — )■ oo, uniformly for t in any interval [0,T], < T < oo. 
In particular, u^{t)\^+ — )■ as n — )• oo. Hence, it follows that 

'"'^(^)|r+ also solves HNLS+. 

If (72(0, ig; Mq) = 0, then define G{x^z) = {Gi,G2)'^ as in the proof 
of Proposition 14. 121 We obtain G2{0, iq; TZB'^Uq) 7^ and hence we are 
in the similar situation to the case g2{0,iq]UQ) 7^ 0, but now on M~ 
with vq = TZB'^Uq . We choose a sequence {v^^} which converges to vq 
in H^'^{Er) and gives rise to a classical solution with Vn{t = 0) = 
{y^^'Y^ where (fg"'')'^ is the Backlund extension of i;q"'' G H^'^{E^~). Let 

be the Backlund extension of Vq G i7^'^(M~). By Proposition 14.181 

below, we see that Vq = Mq and hence {v^^^Y ~^ ""o- Thus, M'^(t)|iR+ = 
lim^^oo 

Vn{t)\R+ solves HNLS+. 
Now it follows immediately that u{x,t) = u'^{\x\,t) solves the IVP 
(11.41) with 0) = Uo{x) in the sense of (11. 8p . □ 

Remark 4.42. It follows from the proof of Theorem [71 that if u{t) G 
iJ^'-'^(]R"'"), u{t = 0) = Uq, is a solution of HNLS^, then there exists a 
sequence of solutions u„(t) G H'^'^{R'^) of HNLS^ , such that for t > 0, 
\\un(t) — II j|/i,i(iR) — )■ as 72 — i- 00. In particular, any solution to 
HNLS^ in if^'^(]R"'") can be approximated by a classical solution to 
HNLS^. With a little more work, one can show that the u^s can be 
chosen in if*^''^(R+) for any A; > 3. 

Remark 4.43. It also follows from the proof of Theorem [3, that if Uq G 
H^'^iR) and is the solution of NLS on R with = 0) = li^, the 
Backlund extension of uq, then u'^{t) is g-symmetric (cf. Proposition 
MM. 

Proposition 4.44. Let k > 2 and suppose Uq G if^''^(R+). In addition, 
suppose that the Backlund extension Uq of Uq is in if^''^(M). Then 
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HNLS^ has a unique solution u{t) in if^''^(R+) with u{t = 0) = Uq and 
satisfies the boundary condition 'U^(0+,t) + qu{Q+,t) = 0, t > 0. 

Proof. As ul G H^'^{M), NLS has a solution u^{t) in H'''^{M) with 
u\t = 0) = ul- But then, by Theorem d as H^'^ C u\t)\^+ sat- 
isfies dlS]), and hence u\t)\^+ is a solution of HNLS+ in H^'^{M+). Fur- 
thermore, as H^'^{E.'^) C C-'^(]R'*'), for k > 2, and M'^(t) is g-symmetric 
(see Remark 14 ■431) . the boundary condition at x = follows from 
Proposition I4.25[ □ 

Remark 4.45. Let k > 2. As Uq G if'^''^(M), the boundary condition 
Uq(0+) + gMo(O-l-) = is automatic for uq (see Proposition I4.25p . 

The condition above on Uq is rather implicit. Of course, the condition 
can be rephrased in terms of requirement on the derivatives of uq at 
X = 0+. For A; = 2 or 3, the conditions are particularly simple. 

Proposition 4.46. Suppose Uq G H'''^(R'^), k = 2 or 3, and in addi- 
tion, suppose that Mq(0+) + quo{0+) = . Then HNLS^ has a unique 
solution u{t) in H'''^{M.'^) , k = 2 or3, withu{t = 0) = Uq and satisfying 
the boundary condition ^^(0+,^) + qu{0+,t) = 0, t > 0. 

Proof. It is enough to show that Uq is in H^''', k = 2,3. Let w = IZB^Uq. 
We must show that for = 2, 

(i)^i;(0-) = Mo(0+), 

(iiK(0-)=«'o(0+), 
and in addition, if = 3, 

(iii) W7"(0-) =<(0+). 
As H^'^ C C^, conditions (i)(ii) follow from (the proof of) Proposition 
14.251 On the other hand, as H^'^ C C^, condition (iii) follows from 
Proposition 14.261 The proof that the Backlund extension Uq of uq G 
if^''^(M+) belongs to H^'^{E.), /c = 2 or 3, follows in a similar way to 
the proof that Uq of Uq G if^'^(M"'") lies in if^'^(M) (cf. Proposition 

I12D. □ 

Remark 4.47. For /c = 3, the solution u{t) in H^'^ is a classical solution. 

Remark 4.48. By Proposition I4.46i solutions u{t) of HNLS^ in if^'^ 
satisfy the boundary condition M^(0-|-,t) + qu{Q+,t) = 0, t > 0. As 
C {m G H^'\M.-^) : u' G Li(]R+)}, we see that this result is 
consistent with Step 2 above for t > 0. 

5. Long-time Asymptotigs 

By the results of the previous section, in order to determine the long- 
time behavior of the solution m(x, t) of the IVP (II. 4p . we need to analyze 
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the solution t) to the equation (13. ip with initial data given by the 
Backlund extension Uq of Uo|r+- We consider only the case when Uq is 
generic so that the associated RHP (13.311) has a finite number of simple 
poles in C\M (cf. Remark 13.41) . Rather than analyzing the asymptotic 
behavior of the RHP directly, it is convenient to remove the poles using 
Darboux transformations (see the Appendix for details). Once the long 
time behavior of the RHP without poles is determined, we then add the 
poles back in, again using Darboux transformations. This procedure of 
removing the poles is not necessary: we can certainly apply the Deift- 
Zhou steepest-descent method directly to RHP's with poles. However, 
in situations where there are only one or two pairs of poles, which is of 
primary interest here, it is more convenient to proceed by first stripping 
out the poles. 

In order to explain the above procedure in more detail, suppose that 
the scattering data of u'^{x,t = 0) = Uq{x) is given by the refiection 
coefficient function r{z) = b{z)/a{z) with ||r||j:/i,i(K) < oo, and one pair 
of simple eigenvalues at z = zi = ifii G iM"*" with the norming constant 
7i = 7(2:1) 7^ 0, and at 1^ with corresponding norming constant —71- 
Here, a{z), b{z) and 71 are constructed from uq G H^'^iR'^) as in 
Proposition 14.351 Note that the norming constant 71 is of the form 

7i = e~^PJ^jj^ for some p G M. Indeed, by Proposition I4.28[ 



33- zi - if3 I r \i //ii + q 



(5.1) ^{zM-zl) = ^—^, P = -q ^ \l{z,)\ 

zi + ip \ fj'i- q 

The evolution of the scattering data is given as follows by Theorem (6) 

(5.2) zi{t)=ifii, 7i(t) =7ie^"i*/2^ r{z,t) = r{z)e-''''/^ for z e R. 
Define 

(5.3) rf{z)=r{z)- — —. 

z — Z\ 

By the Appendix, is the pole- free refiection coefficient that one ob- 
tains after removing the poles at z = Zi,zi hy using a Darboux trans- 
formation. For each fixed a; G M and t > 0, let the 2x2 matrix function 
mf{x,t,z) solve the normalized RHP {R,Vf): mf{x,t,z) is analytic in 
C \ M and the jump matrix is given by 
(5.4) 

vf{z) = vf{x,t,z)^[^^y^^, ye = e{x,t,z)^xz-—. 

Let Uf{x,t) be the associated potential function with Qj = {-ttj^o )• 
If we apply the Darboux transformation to add in poles at zi = i/ii. 
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11 = —ifii with the norming constant 71 (t) = 716*^1*/^, -we obtain the 
solution m{x,t,z) to the RHP corresponding to (I5.2p . In particular, 
we have from (19. 3p and (19.51) . 

(5.5) u^'i^x, t) = Uf{x,t) + i{zi - ^) J'(b) 
where 

(5.6) b = mf{zi)e"'^'' (-lit)) , c,{t) - ^'^^^ 



a'{zi)' 

The pole-free solution Uf{x,t) can be read off from the residue of 

mf{x, t, z), i.e., 

(5.7) 

Uf{x,t) = -i{{mf)i{x,t))i2, (m/-)i(x,t)= Mm z{mf{x,t, z) - I). 

The goal is to obtain an explicit formula for the asymptotic of mf{x, t, z) 
as if: — )■ 00; the behavior of ■u'^(x, t) as t — )■ 00 can then be read off from 
(15.51) and (15. 6p . The case where there are n > 2 simple eigenvalues, is 
treated similarly. Here we use 

n 

rf{z) =r{z)T\- — —. 

Z — Zu 

k=l 

We now apply the steepest-descent method introduced by Deift and 
Zhou in [ PZ9'3] t o the focusing NLS at hand (see also |DIZ93j l We 
will follow |DZ03] in which the authors analyze the long-time behavior 
of the defocusing NLS equation, making suitable modification for the 
focusing case. Along the way we will state many technical results (e.g. 
Proposition 15. etc.) without proof: the proofs are very similar to 
analogous results in [DZ 03] and the details are left to the reader. 

In view of the preceding discussion we must consider normalized 
RHP's (S = R, v) on M with jump matrices of the form, 

(5.8) v(z) = v(x,t,z) = i^^^Ji ^1 ye = xz-—, 

where r e H^^^{M). We are interested in the behavior of the solution 
m = 'm{x, t, z) of (M, v) as t ^ 00. 

Solutions m = m{x,t, z) of the RHP as given in (13.311) are classical 
in the sense that m is continuous up to the boundary in C"*" and C~. 
Such solutions m exist because the reflection coefficient r G H^{M). 
For a general RHP on an oriented contour S C C with jump matrix 
V G L°^(S), we must define the RHP in a weaker sense (see |LS87j . 
[CG81j . and also jDZ03] ). as follows. 
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Let Cs denote the Cauchy operator 



(5.9) iC^h){z) = [ ^ 




^ G C\S, 



with associated boundary operators 



(5.10) 



iCih)iz) = \im(C^h)iz'). 

z'— s-z± 



Here z refer to the orientation of S at the point z G S: by convention 
if one traverses the contour in the direction of the orientation, the (±)- 
sides he to the left (right) respectively. For example, if S = M with 
orientation from — oo to oo, then z^ refer to limits as z' z ^M. from 
C^/C~ respectively. If S is sufficiently regular - Lipschitz would do - 
the operators are bounded in Lp(S), 1 < p < oo (see e.g. |BK97j ). 
and the limits in ( I5.10p exist pointwise almost everywhere in E. We 
always have 



Given S and a matrix v, we say that a pair h± of L^(S) functions lies 
in dC{LP) if h± = C^g for some (unique) g G Lp(S). We say m± solves 
the normalized RHP (J],v)l^, if 

• m± eI + dC{L^), 

• m+{z) = m^{z)v{z), 2; G E. 

Note that if m± solves the normalized RHP (E, v), then m± = I + C^g 



for some g G ^^(E). Hence m{z) = 1+ {C^g){z) = / + 



z G C \ E, is analytic in C \ E, and clearly solves the RHP (E,f) a.e. 
on E. Although the original RHP (M, v) has a classical solution, in the 
process of solving for m{x,t,z) as t — > 00, we will encounter RHP's 
which only have solutions in the generalized sense (see e.g. fl5.12p 
below, etc.). It is easy to see that the classical solution m{x,t,z) of 
(E,f) is a also a solution in the generalized sense. 

The first step in the steepest descent method is to separate e*^ and 
e~*^ in the jump matrix v{x,t,z) in such a way as to respect the sig- 
nature table for Re{i6). We have Re{i6) = Re[it{zQ — {z — zo)^)/2] = 
tlm(2; — Zq)'^/2 where Zq = x/t is the stationary phase point for 6. Let 
6± be the solution of the scalar, normalized RHP (]R_ + zq, 1 + I'^P), 



(5.11) 




id. 



(5.12) 





where the contour ]R_ + zq is oriented from —00 to Zq. 
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Proposition 5.1 (Properties of S). Suppose r E L°°(]R) fl L^(]R) and 
lkllL°° < p < oo. The extension 6 of 6± ojf + Zq is given by the 
formula 



1 

L27rz 



(5.13) 5{z) =exp 
and satisfies for z E C\ 



log(l + |r(s) 
s — z 

- + Zo), 



-ds 



z e C\(l 



-zo) 



6{z)6{z) 



and 



[l + p')-'^<\6{z)\,\S-\z)\<{l + p')-^ 
\5^\z)\<l for ±lmz>0. 



For real z, 

\6+{z)6-{z)\ = 1 and, in particular, \S{z)\ = 1 for z > zq, 
\64z)\ = \5-_\z)\ = (1 + \r{z)\')K z<zo, 



and 



A = 6^6^ 



exp 



— P.V. 



log(l + \r(s) 



-ds 



where P.V. denotes the principal value and |A| = = 1. 

\\S± - M\L^(dz) < cp(l + p^)^||r||i2. 

We write w = {w~,w~^) for a matrix v and any of its factorization 
V = {v-)-^v+ = (I - w-)-\I + W+), v^, (f±)-i G L°°(S). Denote 
the singular integral operator C^ih) = C^{hw^) + {hw^) acting on 
L^-function valued matrices where is a hmit of Cauchy operator 
C from the (+)-side(respectively, (-)-side) of the oriented contour S. 
Note that if w = (0,f — /) then = as in (13 .33 p . As shown 
in |DZ03] . if (1 — C^)~^ is bounded in U' for one factorization v = 
(1 — w~^)"^(J + w^), then it is bounded for all such factorizations. 



Lemma 5.2. Let v be as in (15. Sp . with r G -//^'""^(M). Then for any 
factorization v = {v~)~^v^ , v^, {v^)~^ G L°°(M), the operator 1 — 
with w = {w~, w"^) = {I — v~ , — I) has a bounded inverse in L"^' 
and 

ii(i-cj-ii2(K) <c(i+p2), 

where ||r||oo < p < oo. 
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Proof. By Corollary 2.7 in |DZ03] . it is enough to show that 1 — Cy 
is invertible in L^(]R). We will first show that 1 — C^, is a Fredholm 
operator of index 0. Define w = {0,v — I) and w = (0, — I). Then 
for / G L2(R), using fl332D and (^M), 

CUC^f) = C-[iC^f)iv - I)] = C- [C-ifiv-' - I))iv - I)] 

= C- [{C^fiv-' - I)) - f{v-' - /)) {v - I)] 

= C- [C+{f{v-^ - I))iv - /) + f{v + - 21)] 

= C- [C+{f{v-^ - I)){v - I)] + C^f + C^f. 

As V is continuous and f — / — j-Oas \z\ — j-oo, it follows that we can 
approximate f — / by a sequence of rational functions of the form, 

n ^ 

V aiGC\M. 

^-^ z — a,- 

i=l * 

Let h = f{v~^ -I). Then, 

1 \ , X f iC+h){s) 1 ds 



C-(iC^h)iO)- )(^)=lim 

V <> — a,- / elO 



— aiJ ^-l-O 7m s — ai s — (z — ie) 27rz 

ifa^GC", 
Ch{ai 



if a,- G C+. 



a,; - z 



which implies that f ^ C (^{C^{f{v has either rank or 

1 and hence is compact in L^(]R). It follows that [C^ {f {v^^ — 1)) {v — 
I)] is operator limit of compact operators and hence is compact. But 
(1-C^)(1-C^) = = l+C-[C+{0{v-'-I)){v-I)]. 

Similarly, we see that (1 — — C^) — 1 is compact, and hence I — Cm 
is a Fredholm operator. For < 7 < 1, set t>(7) = ( j[] "''^'^ ). 

Clearly v{l) = v. The same argument shows that v{'~f) is Fredholm for 
all 7 G [0, 1]. But for 7 = 0, v{0) = I and so 1 — (7^,(0) = 1; we conclude 
that ind(l — Ct,(^=i)) =ind(l — C^,(-y=o)) = 0. Thus 1 — C^, is Fredholm of 
index zero. To complete the proof, we must show that (1 — Cy)f = 0, 
/ G L\R), implies that / = 0. Set m± = C^{f{v - /)) G dCiL"^). 
Then as / = C^f = C~{f{y — I)) = m_, we have 

m+ = C+ifiv - /)) = C-{f{v - /)) + f{v - I) 

= m_ + m_(t' — /) = m_f . 

On the other hand, by Cauchy's theorem, 

= / m<m* dz = m_vm* dz. 
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But V is clearly strictly positive definite and hence / = m_ = 0. 

Suppose that m± G dC{L'^) and m+ = m_f + / for / G L^(M). As 
above, we have 



m^m* dz 



+ / fm*_. 



and hence 



/ 

Jr 



m^vm 



< 



An ^ n 



2-4 



But f > Ao, where 

of V. Hence Anll?Ti_ ||^2 < ||/||l2 \\m_ \\i2 or ||m_ < ^ 



> is the smallest eigenvalue 
oir"i-|lL2 ^ iij ||L2||7/i_||i2 ur ||m_||i2 < ^||/||l2. But this 
bound then implies ||(1 — C^)^^|| < for any factorization v = {I — 
wS)^^{I + w^) of by Proposition 2.6 and Corollary 2.7 in |DZ03] . □ 

Let = m6~'^^ solve the normalized RHP (M, f 5) where vs = 
6"}v5Z'^^ . In other words, 



W5 = {wg , wj) 



'0 rS^e'' 







2; > Zo, 



2; < Zq. 



Notation 5.3. We say that the bounds on two operators A and i? in a 
Banach space are equivalent if and only if c~^||i?|| < \\A\\ < c\\B\\ for 
some c > 1. 

Lemma 5.4 (cf. |DZ03j . p. 1042). The operator (1 - C^^y^ exists 
in L^(R) and the bound on (1 — Cu;^)""*^ is equivalent to the bound on 

For a function / on R we introduce a rational function which coin- 
cides with / at 20, 

/(^o) 



(5.14) 



z e 



{l + tiz-zoW' 
Replacing r by the rational function [r] etc., we obtain 



'0 [r]6^e'^ 




l+|r|2 




l+|rf 



6W 




Z > Zo, 
Z < Zq. 
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Figure 1. Contour 



Let S'^ = M U (^0 + e^'^/^M) U {zq + e"*''/%) be oriented from left to right 
(see Figure 1). 

Introduce the trivial extension fi^ of v\'^ onto S*^ by setting fi' = 
on R and = / on S^^ \ M. 

Lemma 5.5 (cf. |DZ03j . pp. 1043-1044). Suppose that 4'' = (1 - 
(wl^)~)~^(l + (we')"*") is a factorization as above. Then, (1 — C i])^^ 
is bounded in L^(]R) if and only if (1 — C^i])~^ is bounded in L^(S^) 
and the bounds are equivalent. 



Now, set 




r / 



on II or V 



on I 



on III 



(5.15) 



on IV 



on VI 



and set vj = $_^fe $+ where $± denote the (±)-limits on the contour 
S*^. Direct calculation shows that 
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(5.16) 



( I 



on 



1 

[f](5-2g-ie 1 





l+|r|2 

1 [r]5'^e'^ 
1 



1 0' 



on zq + e 









l+|r|2 


on + e 




1 





-i7r/4Ti 



on zq + e' 



on + e 



-itt/At 



Because $ is analytic and uniformly bounded in C \ S*^ for all x G 
t > 0, we obtain the following. 



Lemma 5.6 (cf. IDZ03I . pp. 1044-1045). The operator (l-C m)"^ is 

bounded if and only if {1 —C^i-])^^ is bounded in L^(S^) and the bounds 
are equivalent. 

The bound on , if it exists, is equivalent to the bound on . 

As noted above, bounds on (1— C [i)"^ and (1— C imply bounds 

on (1 — C^[-])~^ and (1 — C^[])^^ for any factorizations v]j^ = (l — 

iw^J)-y\l + iw^JV) andv^^ = {l-iw^Y)~\l + iwl:Y). For z<Zo, 
define 



/3{z,zo) 



{log(l + \ris)\') - log(l + \rizo)Wis)is - Zo + 1)} 



ds 



2TTi{s — z) 



where v^Zq) = ^ log(l + |r(2;o)p) and x^i^) denotes the characteristics 
function of the interval {zq — 1, Zq). Define 



(5.17) 



So{z) = e 



{z - Zo) 



-ii/{zQ) 
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Set 



(5.1^ 





-ie 



^ l+|r(^o)P"0 

1 



1 r{z^Ke'' 
1 



on M 

on zq + e 

on -Zo + e 

on zq + e 



j7r/4Ti 



iiT /At 



on zo + e~ 



Lemma 5.7 (cf. [DZ03j, Lemma 2.14). Leir G H^'^{m) with\\r\\H^fi(^ 
A < oo. Then, for 1 <p < oo, 

c 



< 



< 



14- 
t4 + 2p 



uniformly for t > 1 and all x E where c depends on A. Hence, 
(1 — Cj-])^^ is bounded if and only if (1 — C^l)^-^ is bounded in L^(S^) 

and the bounds are equivalent uniformly for t > 1 and all x eW. 

Remark 5.8. If r had more decay, say r G H^'^{M.), one sees by integra- 
tion by part that 

(5.19) Pizo,zo)-tiyizo) = -— / log(^o - s)f/log(l + |r(s)|2) . 

Lemma 5.9 (cf. |DZ03j . p. 1049). T/ie operator (1 - C^^)"^ exists 
in L^(S^) and zts bound is equivalent to the bound on (1 — C^l] 



m 



L^(M) where 



l+]r{zo)\^ r{zo)e'' 
r{zQ)e~'^ 1 



Proposition 5.10 (cf. |DZ03] . Proposition 2.13). For all sufficiently 
large t, say t >to, (1 — C i exists in L'^CR), and for some uniform 
constant c 

11(1 -C^[.])"iL2(R) < c for X eR andt> to- 

S 

From the previous results, we see that for t > tg, {1 — C i-])'^, 
(1 — C [•])^\ (1 — C i-])^^ and (1 — C^i)""*^ exist and bounded in 
and the bounds are equivalent. It follows that the normalized RHPs 
(M, I'P), {J]'^,vi'^), (£^^,1;^) and (S"^,!)^) have unique solutions m\\ m[\ 
m^^ and G / + dC{L'^), respectively. Note that 

(5.20) m^'^ = m5$-^ 
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For reasons that will become clear (see f l5.2ip below), we now reverse 
the orientation on M_ + zq to obtain a contour = e*'^(]R"'" + zq) U 
(]R+ + Zq) with associated jump matrix vs = vs for z > zq and vs = v^^ 
for z < Zq. From the form of Vs, we see that Vs = {I — wj)~^{I + w^) 
where 

o h [f6-^e-'' o h 



l+|r|2 









irrr^-u e 



■l+|-r|2"+ 



Z < Zq. 



where ^±(-2) denotes the boundary values of 6{z) on M^o- Thus ^±(2;) = 
S±{z) for z > Zq and ^±(2;) = Szp{z) for z < Zq. 

We use p, X and t] to denote L°°, and i?^'^ bounds for r respec- 
tively. Thus 



r\\L°° < P, \\r\\m.o < \, ||r||j^i,i < r]. 

U {zq + e^'^/^K.) U {zq + e-'^R-). 
As a complete contour, F^^, has the important property 

(5.21) C+ Cf = Cp C+ = 0. 



Extend M^^, to a contour F^^, 



In the following lemmas we will assume for convenience that x = 0. 



Thus Zq = 0, 6 

e = -tz'^/2. 



A 



^0=0) 



^z(,=Oj r = F^Q^o; and 



Lemma 5.11 (cf. |DZ03] . Lemma 4.1). For z G 

|A'(^)| < I + II, 

where 



|n| < cp'—. 

\z\ 



Lemma 5.12 ( [DZOSj . p.l064). Suppose f G Then for allt > 1, 



(5.22) 



[ /A^^e^**"' dz 



< 



c(l + p\) 



1 

t2 



In addition, if f{0) = 0, then for all t > 1, 

c{l + pX) 



(5.23) 



f f^±^^Titz^ dz 

Jr 



< 



Hi,o. 
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Figure 2. Contour T 



Let Dj,j = 1, . . . , 4, be the j^^ quadrant in C\r (see Figure 2). In 
the Lemma below H'^ denotes Hardy space. 

Lemma 5.13 f |DZ03j . pp. 1065-1069). Suppose f e H^'°, then for 
2 < p < oo and for all t > 0, 



(5.24) 



L°°(Di)||J||Hi>o 



^ c(l + p') 



{l+t)2P 



(1 + i) 



L°°(D3)||/||Hi.o 



c(l + p^) 11^,1 



T-\\S'^\\L--iD4)\\f\\mfi 



< —\\T\\HhO, 



(1+t): 



^ c(l + p') 

-(IT^"^"^^'"' 

Suppose in addition that /(O) = and that g is a function in the Hardy 
space H'^{C\M.) for some 2 < g < oo. Then for all t > 0, 



c 



(1 + t)^ ^ 

c 



Hi 



(5.25) < 



(1 + t)^ ^ 



Hi 



\\C^,^^g.fe-^'0'h.< 



c 



\\C:..^.^,~9.fe-^'0''h2< 



(1 + t)^ ^ 
c 



(l + t)5 ^ 
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where g± are the boundary values of g on R and g± = g^ on e^'^M^ . 

Since the H^'^- and L°°-norms of r{z) is invariant under translation, 
appropriate choices of / in fl5.24p give rise to the following. 

Corollary 5.14 (cf. |DZ03j . Corollary 4.4). For any 2 < p < oo, and 

for allt>0 

We need the following bound on solutions of RHPs. 

Proposition 5.15 (cf. |DZ03] . Proposition 4.5). Suppose that r is a 
continuous function on R such that 

lim r{z) = 0, and ||r||2,oom) < p < oo. 



2— ^-OO 



Let V be given as in (15. 8p and v = {l — w^)^^{l+w~^) is any factoriza- 
tion as above. Then for any p > 2, there exists to = to{r,p) such that 
for t >to and all x ^M., (1 — Cw)~^ exists in L^{M.) and 

11(1 — Cu,) ^\\lp{R)^Lp{R) < C 

for t >to and all x G M. 

By Lemma 15.41 and Proposition I5.15[ we obtain for r G H^'^ and 
2 < p < oo, 

11(1 — Cwg) \\lp(r^i^)^Lp(R^J — '^P' 

where Cp is uniform for all x G M and all t > to- Reversing the orienta- 
tion on M as above, we see that (cf. Proposition 2.8 in |DZ03j ) 

where is uniform for all a; G M and all t > to. Let /I^ G / + L^(M) be 
the solution of (1 — C{Sg)Ji5 = I- Using Corollary 15.141 and (I5.26p . we 
obtain the following result. 

Corollary 5.16 (cf. |DZ03j . Corollary 4.6). For any 2 < p < oo and 

for allt>0 

1177 ni /CpA(l+V) 

/^<5 — J \\lp S — -1 • 

(l+t)2P 

Lemma 5.17 (cf. |DZ03j . Lemma 4.7). For any 2 < p < oo and for t 

sufficiently large, 

\\c^Mw^5^^-wf)\\v^<ct--^+^p. 
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Lemma 5.18 (cf. |DZ03] . Lemma 4.8). For any 2 < p < oo and for t 

sufficiently large, 



< Ct 4 + 2p 



(5.27) 

and for z E C\M., 

(5.28) \ms{z) -m^^{z)\ < c{z)t~i^^ 

where c{z) is a constant depending on z. 

Proof. The proof of f l5.27p follows the proof of Lemma 4.8 in |DZ03j . 
The proof of f l5.28p is similar using the relation rhs{z) = 1+ J M£)!^mM_^ 



and (z) 



s—z 2iTi ' 



2-Ki ' 
□ 



Since $ = / in the region II, m\ 



m\l on II 
,eii zrn^^ = 



and hence the residues at 2; = oo are the same, i.e. lim^. 
lim^-,oo,z&izm^d^ which implies /g/ii'w^'' = J^., fi\^w^J. 

Lemma 5.19 (cf. |DZ03j . pp. 1073-1074). Fort sufficiently large, 



K'^d 



Miz) -m^J{z)\ < c{z)t 3 



(5.29) 

and for 2; G C \ M, 
(5.30) 

where c{z) is a constant depending on z. 

Proof. As in Lemma I5.18[ the proof of f l5.30p is similar to the proof of 

(ESnD. □ 

If nil and 5i are the residues at z = 00 of m{z) = m{x,t,z) and 
6{zY^ respectively, we see that 

If 1 Z"^" 

mi{x,t) = —- — : / fj.w and 5i{x,t) = —- — : / log(l + |r|^)cr3. 



2m 



2m 



Since ms{z) = ms{z) = m{z)6{z)^'''^ , the residue {ms)i{x,t) at 2 = 00 
of ms{x, t, z) is given by (7725)1 = mi — 5i. Assembling the above results, 
we conclude that for any p > 2 and all sufficiently large t, 

Uf{x,t) = -i{mi{x,t))i2 = -i{{ms)i{x,t))i2 



(5.31) 



1 

27r Is 



12 



1 

2^ 



(/i>i)i2 + o(r 



4 ' 2p 



-2((m^)i(x,t))i2 + 0(t"^+^), 
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oo. Similarly, for any fixed 



where {m^)i is the residue of at z 



(5.32) 



m{z) = ms{z)6'^'^{z) 

= m^;^\z)^-\z)6'"'{z) + 0(r5+i) 
= m^{z)^-\z)6'''{z) + 0(r^+^). 



Remark 5.20. Clearly by the above estimates, the error terms in (15.311) 
and (15.321) are controlled by norm of the reflection coefficient func- 
tion r{z). In particular, if ||r||j^oo < ce, e ^ 1, then it is easy to 

3 1 

check that the error terms in (I5.3ip and (15.321) are 0(||r||j:/i,ot~4 + 2^)^ 



0( 



\ —zWH 



1,0^ """"^p), respectively. 



If ||r||j;^i,o is sufficiently small, then the singular operators (1— C 



etc. are bounded uniformly on t > 0, which leads the following result. 

Lemma 5.21. Ifr{z) has sufficiently small norm in H^'^, we have for 
all t > I, 



Uf{x,t) = -i((m^)i(x,t))i2 + 0{\\r\\H^.ot' 
and for any fixed z G C \ M, 

m{z) =m^{z)<^-\z)S'''{z) + 0\ 



4 ' 2p 





r(-) 








t 1 




■ — z 


H^'O J 



6. Localized RHP 



We compute the solution of the localized RHP {T,^, v^) explicitly 
in terms of parabolic cylinder functions (see |AS65] ). Introduce the 
scaling ( = \/t{z — zq) and set (see (I5.17P ) 



(6.1) 
where 



0(C) = Sl{z)e 



ie{z) 



-2ij.(2o)g-iCV2 



ao = exp 



tx t 



Define 



{6.2) M^{x,t,C)^m^{x,t,z), M^{C) ^ M^iO^iC), ^ G C \ S^ 
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and 



Figure 3. Numbering of on YI" 



(6.3) 



(I 



1 0' 

f(zo) 1^ 

l + |r(^o)P 


1 ''(^o) 

1 







''(zq) 



l+|r(^o)P 

1 r(zo) 
1 





1 

i+k(^o)P 



on Zq + 
on zo + e 

on 2:9 + M 
on + 
on 2:0 + e* 
on ^0 + e~ 



i7r/4T™ + 



Then, it follows that M~(C) 



det 



1 on Y.^ 



det Mi' ( 



M~(C)V"~ on C e Y^ - zq. Since 
= 1 (see Remark [3lD, detM°° = 
det(Mf0-'') = 1, and hence (Mf )-\ (Moo)"^ exist. Numbering the 
restrictions of piecewise constant jump matrix on as in Figure 3, 
we have the cyclic condition V^V^V^ = V^V^V^ , which implies, in 
particular (see e.g. |BDT88] ). that in each sector I, II, ■ ■ ■ , VI, M~(C) 
is the restriction of an entire function. In particular this implies that 
M°° is differentiable with respect to C and 9^M~(C) = 9^M~(C)\^°° 
on G S'^ — zq. Thus, {d,^M°^){M°^)~^ has a trivial jump matrix and 
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hence is entire. As ( ^ oo, ^ G C \ (S^ — zq), 

-2ii'{zQ)a 



Here, we have used the fact that S^Mj^ = 0{C^). As Mj^ = /4 ^ 
o(C~^) as C ^ oo, we have 



C +V 



But M has no jumps across and hence by Liouville's theorem, M = 
i[a, (Mj')i]. Then, from the definition of M, we obtain the following 
system of ODEs 

Set 



(6.4) 



ki 
k2 



d )i\ 



The differential equations for and are given by 



(6.5) 
Then, 



11 



Set ?7 = e^^( and 5'(?7) = M^{(). Then, we see that g satisfies the 
parabolic cylinder equation 

-,2 

, n .... 



/ 1 1]^ \ 

d^g + — + ajg ^ 0, where a = iA;i/c2 
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General solutions of this equation can be written in terms of standard 
entire parabolic cylinder functions -Da(') as follows. 



(6.6) 



Since M^{() I a.s ( oo, z G iM, we have 



(6.7) 



(M-)n(C) = (l + o(l))</.' 



11 



(l + o(l))aoe-"^'°^r? 
But from |AS65j . as 77 — )■ oo, 

' r]^e~'^"\l + 0{ar]-^)), 

371 



(6.8) Z^„(r7) = <^ 



for I arg r] \ < 
ri''e--^''\l + Oiari-^)) 

- (27r)^(r(-a))-ie""*r/-"-ie^ (1 + 0{ar]-^)), 

„ TT 57r 
for — < aigr] < — , 

r7"e-3'''(l + 0(ar7-2)) 

- (27r)^(r(-a))~ie"'^"V""^e^ (1 + 0(ar/-2)) 

Stt tt 

for < argr? < — — , 

4 " ' 4 



Inserting (16. 8p into (16. 6p and comparing with (16. 7p . we see that a = 
—iiy{zo), and Ci = aoe^'^^^'^K Utilizing (16. 5p . we thus have for ( E 

II — 2o = IIzo; 



(6.9) 



M,T(C) = «oe^^^^»^I^a(e-^C), 



A:i 



M2T(C) = ^e4 



dADJe~-C))+^DJe--C 



Similarly, we have for ( G II20, 



(6.10) ^2 L V V JJ 2 

M2^(C) = «o'e-5'^(^")/^-a(e-^C 



-1 
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Also, for C e V^o, 

M~(C) = aoe-f^(^°)D„(exc), 



(6.11) 



5c e^C 



^-a e-C 



Let M~,M~ be the analytic extensions to C of M°°|n,y, M°°|v,^, 
respectively. Then, from the jump matrix V°° we observe that for all 
CeC, 

'l + |r(2;o)p r(2;o) 



M-(C) = M-(C) 



1 r(2;o) 
1 



1 
r{zo) 1 



M-(C) 



Therefore, as det M\ 



^ = 1, 



a?' 



2^ 



r(-a) 



e 4 



where g) = fg' — f'g is the Wronskian of / and g. Hence, 



(6.12) 

where 
(6.13) 

i/3(^o)r 



27rexa2gfK^o) ^ ^^^^ 



r{zo)T{-a) 

27rg7rj.(zo) 



|r(zo)nr(ii/(^o))P 
i^(^o), 

TT 



_ 27re''''(^°) /i/(2;o)sinh(7rz/(^o))\ 



argl3{zo) = j- 2i(/3(^o, 2:0) - w(^o)) + arg(r(2;o)) - aTg{T{w{zo))) 
^ + logizo - s)d\og{l + \r{s)\') 

+ aig{r{zo)) - aig{T{iu{zo)). 



and 
(6.14) 



iki 



^£o) 
ki 



-/3{zo)e 



-i[x^/(2t)+u{zo)logt] 
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Inserting f l6.12p . (16 .14^ into f l6.9p . f l6.10p respectively, we obtain the 
explicit formulae for M°° in region II. On the other regions, M°° is 
obtained by simply using the constant jump matrix V°^. 

7. Proof of Theorem [T] 

For functions u, u E H^'^{R), let 4''^{x,z), ip'^^XjZ) be the asso- 
ciated ZS-AKNS solutions, respectively (see Section 3). Set m"^ = 



(771^^,777.2) = 



i^—ixza 



m 



= ip e 



Denote Am 



u 



u, Anil 



m 



mf, etc. We write 777^^ = ((777^)1, (777^)2)"^, etc. 



Lemma 7.1. Let u G H^'^ 
u\\m.^m < e, 



For any u E H 



1,1 



such that \\u — 



||Ar77j^(-, z)||ioo(]R) < ci||Au||^^i,i < cie, 

where Ci depends on u and is uniform on z E C+. Moreover, for any 
fixed z G C"*", 

||A(777+)2(-,^)||f/0.i(K) < C2e, || A(9^ 777+ (■ , || i2(K) < 

where C2 depends on u and z. A similar result holds for 777^ (x, z). 
Proof. The difference Am^ solves the integral equation (cf. (13.111) ) 
(7.1) Ar77^ = b+ + T+(A777+) 

where 



1 

A7le-"(^-J^)(777+)i 



Au 
-Au 

dy. 



mfdy 



and T+ is the operator acting on column vectors f defined by 



r+(f)(^) = 
Since (777+)2 G H^^H 

E3D, 



1 



u 
-li 



C Li(R) and (777^)1 G 



(see Proposition 



||b+|U-'(IR) < c||Am||/^i,i 

uniformly on 2; G C+. For 77 > 1, 

\Tlib^\ < lib 



+ II 00 



< llb+lloo — 



77! L 



Hyi)\ 

\u{y)\dy 



Hy2)\ 

n+1 



Hyn)\ 



Vn-l 
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and hence 

l|Am+|Uoc(K) < e^-"-l"(J')l<i'^||b+||oo < c||Am||^i,i. 
Now we fix z G C+. By Lemma [3.6[ 

||(^'+)2|ki>i(i;) < c||AM(m+)i||j:^o,i < c||Au||j^o,i. 
Assembling these results, we obtain 
||A(m]^)2||H0,i(R) = ||(b+)2 + (T+(Am^))2||ifo,i 

< c|| Am||//0,i + cll'ull/i'O,! II A(m]'')i||Loo < c|| Am||//i,i. 

For Adxfnf, since AdxiTif = (o -iz)^''^i + AQmf + QAmf, we see 
that 

||A9^m|'||i2(iR) < c||A(m^)2||L2 + || A(5||i2 ||m^ ||l^ + ||Q||i2 1| Am^||ioo 
< c|| Am||/^i,i. 

and hence the proof is done. 

□ 

Lemma 7.2 (cf. |DZ03j . Theorem 3.2). Let u{x) E i/°'^(M). Fix x G 
M. Then, the associated ZS-AKNS solutions m^{x, ■) G / + H^'^{dz). 
Moreover, if \\u — M||/fo,i < t, then ||m^(x, ■) — m^(x, Oll^i-o ^ ce. 

Proof. We will provide the proof only for m+. Define operators Ku 
acting on 2 X 2 matrix functions B as follows, 

(7.2) {K^B){x, z)= I d^^-y> ''Q{y)B{y, z)dy, x,zeR 

J+oo 

Then, ZS-AKNS solutions for real z satisfy m"*" = I+Kum~^. We use the 
following notation. If 2Jl is a measure space and *B is a Banach space, 
then ^ ® LP{m) = LP(m OS) denotes the space of 5B-valued Lp 
functions with norm ||/||B(g)LP(a):) = || H/HslUpcirt)- Direct calculations 
show that 

(7.3) ||-^u-B||L2((i^-)g,2, 00(^3,) < cIImII^i ||i?||/^2(^2)(g)L°°((ia;)) 

(7.4) ||K'ui?||^2(^2)^j;^2^(^^) < c||M||j^0,l||i?||^2(rf^)^^oo(^3,), 

and 

(7.5) \\KuB\\L2(^dz)^i^^ax) < c||n||i2 ||i?||^2(rf2)g,£,2^(rf3,). 
Standard iterations for the Volterra integral equation give 

11(1 — i^u) ^\\L2{dz)(S>L°°{dx)^L2{dz)(S)L°°{dx) < Ce"""-^'^ 
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By Fourier theory and Hardy's inequality, 

^ c||m||l2 

L°°{dx) 



\\^umL-^{dz)(^L^^{dx) — C 

As m"*" = /+(! — Ku)~^KuI, by using (17. 3p we see that 

11"^^ — I\\L^{dz)(^L°°{dx) < c\\KuI\\L'2{dz)(^L'^{dx) < C, 

and hence by (I7.4p . 

11"^"*" - I\\L^dz)($Ll^{dx) = WKuim-^ - I) + KJ\\L2(^dz)(X,Ll^{dx) < C. 

Define M = {dz — ix ad cr)m+. Then M satisfies the equation 

/X 
e*(^-^)^ ad a{yQ{y))m+{y, z)dy 
.-oo 

J +00 

where K' is the operator defined in (17. 2p with ad a{Q) in place of Q. 
As M = - i\:„)-iir'^„(.)m+, it follows by ([731) that 

<C|| ■M(-)||i2(||m+-/||i2(d^)55i2^(rf^) + l) <c. 

The equations for Am"*" = tti^ — m~^, AM = M — M are given by (cf. 

dEID) 

Am^ = K/^u^^ + -^uAm"*", 
AM = -«(K'a„(.)^'' + ^-V-)^^^) + ^^"^ + 
Similarly, we have 

\\^fT^'^\\L'^{dz)®L°°{dx) < c||-ft'A«('m"'' — /) + K/\,uI\\L'^{dz)®L°°{dx) 

< c||Au||j:/0,l 



\\Kui\\mdz)<^L 



(x) 



+ 00 



\u\'^dy 




u\'^dy 



< cm 



, (dx) 
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and hence 

\\^rn'^\\LHdz)<g>Ll^{dx) = ||^A«(rra+ - /) + KaJ + KuAm'^\\L2(^az)(sL2^^(^dx) 

< c|| An||//o,i (||m+ - I\\L^dz)(i^L°°{dx) + 1) 

+ c 1 1 M 1 1 /^o, 1 1 1 Am+ 1 1 ^2 (rf^)jg,ioo (^2;) 

< c||An||//o,i 

Therefore for AM we see that 

\\^M\\L2(^az)(^L°°idx) < c||K'a«(.)("^^ - ^) + K'.Aui^.)I\\L2(dz)(^L°°{dx) 

+ c\\ - zK'„(.)Am+ + KauM\\ L"^ {dz)<)f)L°° (dx) 

<c||Am||ho,i 

In particular, 9^m+(0,z) = M{Q,z) E L^(R). Also, d^Am+{0,z) = 
AM{0,z) G L^(R) and hence ||Am+||^^i,o < c|| Am||j:^o,i. □ 

Let ipi , (ipo)! be the first columns of the ZS-AKNS solutions for 
Uq, 77^0 in Theorem [1] and f l4.50p . respectively. Set mf = ?/'J^e~*^^/^, 
{itiq)^ = (tpQ)fe~^^^^'^ {x > 0), respectively. By Remark [4. 33[ ri^^{x) in 
f l4.50p is the Backlund extension of f^o(^) straightforward to 

see that (mo)]'' and (mo)^ have the explicit formulae (see |RS02] ) 

im ) + (x z) = ^ fz + ifiotiinh{fiox + tanh-\q/fio))\ 

° z + ifio\ i/iosech(/ioa; + tanh"^(g//io)) /' 

/ _i \ 

(m )-(x z)- ^ ( ^/^o sech(/ioa; + tanh (g//io)) \ 

° ' 2 + i/xo ~ ^/^o tanh(/xox + tanh ^(g//io))/ 

Define (cf. Proposition 14.351) 

(7.7) (bS)-'^'"-^)- (Sw) 

A,{z) = A{z) - Aa{z), Bi(z) = B{z) - B„{z). 

Then 



Ao{z)\ ^ 1 / z + iq 



By Proposition 14.351 the scattering data for the Backlund extension Uq 
of Uo{x)\^+ = m(x,0)|ik+ is given by 
(7.9) 



1 



aiz) 



{z + iq)^—^ + iq)9i{z) - {z + iq)g2{z) 



z — i(3 I z + ifiQ 



Kz) = ^ -n [{z + iq)93{z) + {z- iq)g3{~z)] . 
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where 

gi{z) = Ao{z)Ai{-z) + Ai{z)Ao{-z) + Ai{z)Ai{-z) 

(7.10) g^{z) = Bo{z)b;{^ + Bi{z)b;;{^ + Bi{z)b;{^ 

g^{z) = A^{-z)B^{z) + A^{-z)B^{z) + A^{-z)B,{z) 
and /3 is determined as in (14.51 p . By Lemma [7. 2 [ we have 

(7.11) ||^i||hi>o(]r) < ce, II 5i 11^1,0(15) < ce, 
and hence 

(7.12) \\gj\\ms^(R)<ct, l<j<3. 
Thus, 

(7.13) ||fe||L2(K) < ce, ||6|Uoo(iR) < ce and ||6||^i,o(]r) < ce|g|"i 
Define a^iz) = £±iii^. Then, 

^ ' 2 — 1/3 Z+«/iO 



(7.14) ||a - ao||L°°(R) < ce, ||a - aoHni.'HR) - ^■ 

As a{z;ri^g) = j^j^, f]tJ,o generic and it follows from the proof of 
Proposition 14.381 that for all sufficiently small e > a{z) = a{z; Uq) 
is also generic. As a{z\ri^,^) has only one zero in C"^, it follows that 
/3(^Mo) = (-1)^9 = Suppose g > 0. Then 01(2;; 77^0) = a{z]r]^^,){z - 
^/^(^Mo)) — ^z+ip^o ('^ ^'?) ^'^^y ^^"^ hence, ai(z;MQ) 

also has only one zero zi ~ ZyUg in C"*", by Rouche's theorem. But 

(7.15) 01(2;; ul) = a{z; ul){z - i/3(Mo)), 

and as |/3(mo)| = 1^1 < fJ^o, we see that a{zi;u^) = 0. Hence a{z]UQ) 
also has one zero zi ~ ifio in C"*" and necessarily (3{uq) = (— l)"^g = —q, 
which is consistent with the fact that ai(ig;Mo) 7^ (see fl7.15p ). Now 
suppose g < 0. Then ai(z;77^(,) has two zeros ifio,—iq. Again by 
Rouche, ai{z] u^) has two zeros zi ~ z/io, Z2 ~ —iq in If Z2 = ~iq, 
then as a{—iq]UQ) 7^ by Lemma |4.22[ it follows from ( I7.15P that 
/3{uq) = — g, and that a{z; Uq) = "^^^'^^"^ has only one zero zi ~ ifiQ 
in C+ (note that this is consistent with /3{uq) = —q). On the other 
hand if Z2 7^ —iq, then it follows from (I7.15P that I3{uq) = q (otherwise 
01(2; Mq) would have three zeros in C+). But then, again from f l7.15p . 
we see that a{z; Uq) has two zeros zi ~ ifiQ, Z2 ~ —iq in C"*" (note again 
that this is consistent with P{uq) = q). By the symmetry condition 
a(;z; Mq) = a(— ^;m3) from fl4.39p . we see that the zeros 2:1, 2:2 must lie 
on iW^ . We have proved the following result. 

Proposition 7.3 (Zeros of 0(2;; Mq) in C"*"). 

(i) If q > 0, 0(2;; Mq) has one simple zero z\ = i/ii G zM^, /xi ~ /xq- 
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(ii) lfq<0, and ai{—iq;uQ) = 0, then 0(2; m^) has one simple zero 
Z\ = ijjii e i]R+, /ii ~ /io- 

(iii) If q < 0, and ai(— ig;Mo) 7^ 0, then a(z;-Uo) has two simple 
zeros Zi = i^i G iM.^ , jii ~ /iq and Z2 = ifi2 ^ fi2 ~ —Q, 

+ -q- 

Lemma 7.4. In the notation of Proposition \77^ 

/ii = /io + ew^i + 0{eq + e^), 
/i2 = -g + 0{t^q). 



where wi = j^B.ew{y)v^^^{y)(iy . Moreover, ^J^^ = 0{e). 

Proof. For ^2 = '^Ai2, as /3 = +g and /i2 7^ — g by Proposition 17.31 (iii), 
we have from fl7.9p . 

(7.16) = 0(2:2) = ■ + ^1(2:2) ^2(2;2)- 

/i2 - g /i2 + /Lto yWi - g 

Set K = From (rmi) and (EIB]) we see that /sT = -^1(^2) 
fl'2(-22)) ^ = 0(e). Hence fi2 = —qjz^ = ~(1 + 0{eq), which im- 
phes that ^0(^2) = = 0{eq). But then from fITlOD ^1(^2) = 

Ao{z2){Ai{z2) + Ai{z2)) + 0{e^) = 0{e'^), which now imphes that 
K = O(e^) and hence /i2 = — g + O(e^g). 

For 2i = ifii, let ('?/'^, '?/'^), ((-i/^o)!") ('^0)2') be the ZS-AKNS solutions 
for Uq, rj^f^ in C+, respectively. Define ip{x,z) = ipf — 'yitp2y ^ ^ 
where ipf = dz'ipt and ^'2 = dz4'2 7i is the norming constant for 
Zi. Fix z = zi = ifii and set 0(a;) = ('?/'j^, (y9)(a;, 2:1). As 

^ a'{zi) = det{^t,^2) + det(^+ 4-) 

(7.17) = det(V'+, 7r Vi+) + det(^+ 4") 

= -7r^det0, 

exists for all x G M. A simple computation shows that (p^ = 
{izia + Q)0 where Q = (_:^"o")- ((V'o)^)x = {izicr + (5o)(V'o)^ 
where Qo = ( ''0 ' ) 5 "^^ see that 

(7.18) (0-i(^o)^). = -(0-'AQ0)(0-i(^o)^), AQ = g-go. 
Let M = 0e-*^^i'" and (mo)^ = (^/'o)^e-"^i/2^ i:h.e\i, 
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Since {mo)f — )■ ei and M — )• (J ^-./j^a'izi)) as x — )■ +00, it follows from 
(EUD that 



J X 

and hence 

M-\mo)t = ^1 + (J e-(°-J^)^^) GM-\m,)tdy, 

where G = M~^AQM. As M{x) is uniformly bounded on M and 
||A(5||i^o,i < ce, it follows by a standard iteration that 

M-\mo)t = + (J e-(=^°-^)^0 ^""'"^^ ^ 
uniformly on x > 0. In particular, multiplying by M and setting x = 0, 
we obtain 

^^■^^^ =<(0,^i)-K)r(0,^i) = -M(0) (^^^) +0(e^), 

where A = /^^^ Gn and ^ = /g" e-^^^Gai- Set 

Mo = ((^o)^ (^o)^ - 71(^0)2 

As Ao(zi) 7^ by dUD, it follows from flTOj) and flTTTOD that the 
norming constant 71 =7(2:1) for Mq is given by 

(7.20) = = (1 + 0(. + ,))^ = 1 + 0(. + 

2;i + 2gS(2;i) -80(2:1) 

From dZl]) and f TTT^ . we have 

(7.21) = a{z,) = + + 9i{z{) - g^iz,) + 0(6g), 

/Ul - P /ii + /io 

and hence, again by (17.121) . 

(7.22) = ^^ + 0{q + t). 

As isXi) = Ki) + <^(e) by (USD, it follows from (I7:TU|) and (ITTT]) 
that 

(7.23) gi{z{) - g2iz,) = Re(Ai(zi) - Si(^i)) + 0(eg + e^) 

Direct calculation using (17.61) and (I7.22p shows that Mo(0, 2:1) = 

0(g + e). By Lemma m| |m5'"(0, 2:) — (mo)5^(0, 2:)| < ce and (0, z) — 
("^0)2 (O5 -2^)1 — for 2 G C+. Then it follows by analyticity of m]^(0, 2:), 
etc. that 

(7.24) |M(0,Zi)-(Mo)(0,Zi)| <ce 
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Hence from (El9D and (ESQ]), 

A,{z,) - B,{z,) = -(1, -l)M(O) (^^^^ + 0{e') 
(7.25) =_(i,_i)Mo(0)(^Q+0(e2) 

Now, from fl3.24p . a'(zi) = ^^j';_ e~'^^^^ if 2i is the only (simple) zero of 
a{z) in C+ and a'{zi) = j^^^e'^^'^^ = ^^e-'(^i)+0(g) if a(;z) has 
a second (simple) zero at z/i2 ~ 0{q). As /(2;i) = 0(||r||^2) = O(e^), it 
follows from IH^TTh that det M = det = -71 a' (^i) = -j^ + 0{q + e). 
Assembling the above results, 

POO 

Re(z/2) = Re / ie-^''y{M-^AQM)2idy 
Jo 

Jo detM^ 2^ ^ 

= Re ^(-^^(^0)^1 - eW(Mo)?,)dy + ©(e^) 

= -e / Rew(?/)t;^(,(?/)d?/ + 0(eg + e^) 







+ 0(eg + e' 



Thus it follows from (17:23|) and (17:25|) that /ii = /iq + ewi + 

0{eq + e^). □ 

Remark 7.5. The zeros of a(z) can be written in terms of r{z) and 
= Uq — rj^Q using the conserved integrals for NLS. Recall that the 
conserved integrals can be read off from the expansion of loga(z) = 
/n-2~" as z — 7- cxD (see |ZS72j ). The first 3 coefficients in the 
expansion are given by 

Ii = —i I \u{x,t)\'^dx, I2 = - {uux — Uxu){x,t)dx, 
h = i I {\u\^ -\ux\^){x,t)dx. 
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Also, if a{z) has one zero, it follows from f l3.24p that as z — )■ oo, Imz > 

c|Re2;|, c > 0, 

loga(z) = log , - l{z) 

= - [ - 2tfi, + 7^ / log(l + |r(s) Hdsl + O ( A 
where l{z) is given in fl3.25p and so we have 

If , „ , „,o 1 



2 y ' 



(7.26) = /io + - / Vi^oi^" + w-) + \w 



- / log(l + |r|^). 



This formula should be compared with Lemma 17.41 We see, in partic- 
ular, that the contribution of = Uq — rj^^ is approximated by wi. 
Similarly, if a{z) has two zeros. 



(7.27) 



/^l + /i2 = - 

Q O 3 

/"I + /W2 = o 



.e|2 



\Ur 



^ [ log(l + |r(s)nds. 



(Kr-|K).l')-£^ / sHog{l+\r{s)\')ds. 



Proof of TheoremUl Fix < k < It is enough to consider x > 0. 
First, we assume that a{z) has one simple zero zi = i/xi. From fl4.39p . 
we have P = —q. By (15. ip and Theorem El the norming constant 
7i(^) = 7(^; zi) is given by 



(7.28) 7i(t) = 7ie^^i*/2 ^^leie 



7i 



AH + g 



for some pi G M. 



^1 - g 

Recalling the construction in the Appendix of the solution of a RHP 
with one pair of poles in terms of the solution of a RHP without poles 
using a Darboux transformation, we set 

rf{z) = r{z)^^^, zeR, and Ci{t) = ^i^. 

Z — Zi Q, \Z\) 

Note from ^?2M that a{z) = f^e-'(^) where /(z) is defined in ([321]). 



As r{z) = Jg, by f l7l3|) and dHH]), we see that 



< ell 



< ce, ||r|L2 < c||6||l2 < ce. 



and 

Therefore, 



6' 


6a' 




a 




L2 



< c(||6'||l2 + ||6||Loo||a'||i2) < ce\q\ 



|r||Loo < ce, ||r/||//i,o < c||r||j:/i,o < ce\q\ 
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Assume that e < Xokl^ where xq > will be determined further 
on. Denote by {Tnf)± G / + dC{L?') the solution of the normalized 

RHP (M, Vf{z)) without poles where Vf{z) = ( ^^^S "-^^f ) • Such a 

solution exists by the general theory of Section[5l As before, m/(x, t, z), 
2; G C \ M, denote the extension of {mf )± off the axis. We now apply 
the steepest-descent analysis in Section E] with r{z) replaced by rf{z). 
In the analysis in Section El various auxiliary functions such as 
etc. are introduced: in the present context we should properly use the 
notation (rrif)^ etc., but we simply write m^. 

Let (i = \/t{zi — zq) = \/t{ifii — zq). By the estimate fl5.32p . Lemma 
EHland dSij) for t > 1, 

rufizi) = m^{zi)<^-\zi)S{ziy' + 0{e\q\-h-^^+''^) 

= M°°(Ci)r''(Ci)<^>"'(^i)5(^i)"^ + 0{e\q\-h-^"^+^^) 

= M,riCi)r''iCi)r^''iK^)iCi)^-'{z^)5{z,r 

+ 0{e\q\--H-^"^+^^). 
where $ is defined in (15.151) with rf{z) and 

(I, Cell.o, 

(7.29) K-iC)=\ [1 j^^y , 

I i+M.o)Pl ,Cg 111,0. 

Note that if (i e II^q, 

0^<^-(i^-)(Ci)=/, $-^(^1) = /, 

If Ci £ IIIzo; then X > flit and hence |e*^'^''^^| = |e~*''i/^| = e~^^^ decay 
exponentially as t — )■ 00. As tj^zq) = 0(e), 

0^'^"(ir°^)(Ci) = / + 0(ee-"*), <^~\zi) = 1 + 0(ee-^*). 

Let ki, ^2 be given in (I6.12p and (I6.14p with rf{z). We use from |AS65j 
the identity D'^irf) = —^rjDaiji) + aDa-iirj) for G C to obtain 

d^(Da[e--C)) = e-- D'^(e--C ^ 



3i7r 

e 4 



e- — C/^„ e~— C + a/^a-i e"— C 



2 

and hence by (16. 9p . 
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Similarly, it follows from f l6.10p that 

Thus as a = — iz/(zo) = C'(e^), we see from asymptotic expansion (16. 8 P 
of Da(-) that 



MiT(Ci)0-'^(Ci) 

where 

iki iki ik2 ik2 

(7.30) pi = — — = — ■ and p2 



Ci \/i{zo - i/ii) Ci Vtizo - ifii) 

Let 6(z) be given in (15.130 with rf(z). Since |r/(z)| = \r{z) \ = \r{-~z)\ = 
\rf{-z)\ for 2 G M by Remark gSOl we have e^^^^'^ 6 (zi)-^ = e~*'i5f^ 
where li, Si are given in (II. lip and (11.121) . respectively. Assembling 
the above results, we obtain 

b{x,t)=mf{zi)e'^'''' ( -iw 

\ 21-21 

where t^i, are defined in (I1.13p . For Uf{x,t), we have the expansion 
m^(z) = Mi^(C) = I+iM^U-' + oiO = I + {M^UViz)-' + o{z-') 
as 2 — > oo, which implies that {m^)i = ■^{M^)i. Hence, by (I5.3ip and 

= -^((Mf)i)i2 + 0(e|grM^+-)) 

= -^ + 0(e|g|-V(^+'^)). 

It follows by the Darboux transformation that 

u{x, t) = Uf{x, t) + i{zi — ^)J-'(b(x, t)) 

(7.31) fci 2/ii(t;f +pi)(p^^+l) 

Vi \vf + pil"^ + \p2vf + 

where J-" is defined in (14. 3p . This equation holds, in particular, for 
X > 1/M. 



+ 0{e\q\~h-^"2+-))^ 
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For < X < M, ^0 = C'(r^) and hence 5i = I + 0{eH-^). By 
Remark 14.301 rj(0) = r(0) = 0. Since rf{z) = r^(s)ds, we have 

rf{zo) = 0{e\q\~^ZQ\^) = 0{e\q\~^t~i) and hence ki, /c2 = 0{e\q\^H^^) 
Thus, 

Uf{x,t) = 0(6|gr^r(^+«)), p,,p, = 0{e\q\-n-'). 
and hence it follows by fl7.3ip that 

= e'^''''^^+f"^''^v^,{x) + 0{e\q\~n'^'2+-))^ 

Now, suppose that a{z) has two zeros Zi = i^i and Z2 = ifi2- We 
have P = q from fl4.39p . Again by (15. ip and Theorem [6l the norming 
constants 7j(t) = 7(t; zj), j = 1,2 are given by 



(7.32) 7j(t) = 7J•e^'*/^ where 7^ = e'^^' J j^-^, for some pj e R. 

Set C2 = y/i{z2 — zq) = \/t(i/X2 — -^o)- Recalling from the Appendix the 
action of repeated Darboux transformation, we set 

f \ z-zlz-z^ 7i(t) 72(t) 

where ai{z) = j^e~^^^'^ and a(z) = j^ai{z). Denote by mi(x,t,z) 
the solution of the normalized RHP with the reflection coefficient ri{z) = 
f{z)jE^ and one pair of simple poles at z = ±ifii whose norming con- 
stants are 71 (t), — 7i(t), respectively. We have 

b,{x,t) = mf{z,)e''^-'^(J,it) 



Vi d[zi)e 2 



21-^1 
X 



where -Oi, vf are given in (11.131) . Write bi = ((bi)i, (61)2)^ and define 
^ r ^ / (bi)i -^1)2 

Z2-zl)=^''-''^U X, 
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Let ipii^j = 'rni{x, t, z)e^^^'^. It follows from the Darboux transfor- 
mation (see f l9.2p ) that 



b2 = 1pl{z2) 



1 

-C2(t) 



(7.33) 



22-22 
a; 



^2 



where V2, -Of are given in fll.l3p . As Z2 = —iq + 0{e^q) by Lemma [731 
we have 



rfi-) 



- Z2 



< ce\q\' 



Now set r = \q\\/t and assume t ^ q ^. Then, r ^ 1. It follows by 
(E29D that 



(i^°^)(C2)$-^(^2) 



/ + 0(ee-'^^^) = / + 0(ee-" ), if x > /xst, 
/ , otherwise. 



As |C2r^ = {t{zl + /ia))"^ = 0(r-2), it follows by (El]) again that 



(7.34) 
where 

(7.35) ps = - 



MiT(C2)0-'^(C2) 



^ ^^^)+0(e^(.o^ + g^)-H-^), 



P4 



^/i{zo - 1112) 



C2 A/t(;zo - '^/U2) ' "^"^ C2 
Thus, using Lemma [5.211 again, we see that 

m/(z2)5(^2)~"^ 

= MiT(C2)r'^(C2)0^''^(i^°°)(C2)$-'(^2) + o(6|grtt-(i+«)) 



where ee is dropped from the error term if x < /i2t. Inserting 
assembling the above results, we obtain 



(7.36) 



b2 = 6^2 5{Z2)V2 \ 
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where si and S2 are given, after some calculations, by f ll.20p . Again by 
the Darboux transformation, it follows that 

u{x, t) 

= Uf{x,t) +i{zi -zl)J'{bi{x,t)) + i{z2 -^)J'{b2{x,t)), 

_ _ki_ _ 2/xi({)i + 1) _ 2/i2.Sig2 

Vi \vf + pi\'^ + \p2vf + 11"^ |siP + |s2P 

+ Oieqe-^" + t\{zl + q^yH'^ + e|gr5r(5+«)). 

This equation holds, in particular, for x > 1/M. 

If < X < M, we have zq = 0(t~^) and ki,k2 = 0(e|g|^2t^2) as 
above. Hence pi,p2 = 0{e\q\^2t^'^) and ^3,^4 = 0{e\q\~^t~^). Thus, 



gi(M?V2+Pi+/i)^^ sech(/iix - tanh-i(g/^i)) 



|t;f - sor + |1 + ■'^fsor 
where Sq is given in (11.171) . This completes the proof of Theorem [H □ 

8. Proof of Theorem [2] 

Lemma 8.1. Let u{x) be a real-valued function on the half line a; > 
and let u'^lx) be the Bdcklund extension of u{x) with respect to q. Let 
il)^{x, z) be the ZS-AKNS solution associated with u'^. Then, 



(8.1) tlj^{x,z) = ip+{x,-z), x>0, zeR. 

Suppose that the scattering function a{z) ofu^{x) has n simple zeros 
in C"^. If z = ifi E ^M"*" is a zero of a{z), the corresponding norming 
constant •yi^ift) of z = ifi is real. For u{x) = v^^{x) + qw{x), w real, 
q <^ 1, in particular, we have 



Proof. Let Q{x) = (_;j^"q^'')- As u{x),x > 0, is real, we see that 



^p+{x,-z) = {iza + Q)^Ij+{x,-z), x > 0, zER. 



and iIj~^{x, —z)e = '?/'+(x, — z)e~*^(~^)'^ — ?• / as a; — 00, which 
implies (18. ip . 
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For the norming constant as /i and u{x), x > 0, are real, we 

have 



iIj+{x, i/i) = {i{ifi)a + Q)'iIj+{x, ijji), x > 0, 



and 'ijj~^{x, ifx)e "■(*^')'^ _s. j 3; _i. -|-oo, which imphes that 'ijj~^{x, i/i) = 
ip~^{x,ifi), X > 0. Therefore, ip^{0,ifi) is real and hence the result 
follows from ( K^f and f lCTjl . □ 



Define 

Eliz) ^ 

and 

E° (z) = 



/oo poo -| 

r e-'''/Ms, E4z)= r e-'*^'/Ms = ^E°(v^z), 



Note that = e"^" /Ms = V2^e-x. 
Lemma 8.2. For any g G L^(R+), t > 1, 

Jo 

Proof. As g e L'^{R^), it follows that 



^3/4 



(7(2:)E+(2;)dz 



g{z) ^ — dz 

i/Vt 



< 



L2 



1 



L2 



Vi 

\El{Viz)\Mz 



Since -£'+(2;) = j^e + ^'(^72^ as 2; — )■ 00, we have 

/oo 1 /"OO 1 



□ 



Lemma 8.3. Lei |g| <^ 1, r = |g|-\/t and 2:0 ^ IR- Suppose that 
g{z) = gi{z) + h{z)g2{z), 

n 

h{z) = — —. — ) Qk = 1 < k < n, and 



k=l 



z + iqk 



.o(R) < c|g|, z = 1,2. 
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Then, for C > 1, 

) 

^i(^o) 



Eo + o(^(|g|UrUr|logr|)), r<l 



0{q^), T>l/C> 0. 

Proof. We first consider z > Zq. By integrating by parts and using 
Lemma 18.21 we see that 



gi{z)e-''^'-'''>'/Mz 

= -gi{z)E+{z - zo) +1 g[{z)E+{z - zo)dz 



-E°(0) + 0( 



Similarly, we have 

h{z)g2{z)e-'''^'-'°^'/^dz 

oo 

= -h{z)g2{z)E+{z - zo) + h{z)g2{z)E+{z - Zo)dz 



ZO 



+ / h'{z)g2{z)E+{z-Zo)dz 

J z, 
92{Zq) 



20 



^rt 



-/i(2o)^+(0) + I + II. 



Since (7211^2 < c|g|, I = O(^) by Lemma [8l2l Let zq = zo/\q\ and 
hi{u) = riLi u7iq!f\q\ ■ change of variable z = \q\u, 



1 /"°° 

11=^ I Kiu){g2i\q\u) - g2iO))EliTu - Vizo)du 
yt Jz'o 

POD 

/ h[iu){Eliru - Vizo) - Eli-Vizo))du 

J z'o 

■{-h{zo))El{-Vizo) 



Vi 

92{0) 

Vi 

+ - ^h{zo)Eli-Vizo). 
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As \g2{\q\u)-gm\ = \li''^'^9'2\<\qu\Hg',\\L^, 



IIIil < 



\h[{u)\\u\^du^O 



If 7" < |, \E^{tu — Vtzo) — E^{—^/izo)\ < min{c, t|k|}, and hence 



III2I < 



< 



c\92m 

Vt 

c\92m 



\k{u)\t\u\ 

00 J — 1/t 



1/t 



\K{U)\ 



Jo « +1 Jl/r'^ ^Vt ^ 



Assembling the above inequahties, we obtain 

POO 
J Zo 

= (0) + ^(,.(.0)^^(0) - g^mli-V-tzo)) 



+ 0(^^(|g|5 +r2 +r| logr| 
Similarly using E^{z), E^{z), we obtain for z < zq, 

g{z)e-''^'-'°^ /Mz 

-00 

= ^£;0(o) + ^{g,(zo)E'_(0) - g,{0)E'_{-Vtz,)) 



+ 0(^-^{\q\^ +t-^ +r|logr|)) 



and hence 



/oo 
-00 

= ^ (giizo) + h{za){g2{zo) - ^2(0))) + O + r i + r| logr|)) 



As 



|M^O)(^2(^0)-^2(0))| < 







l^ol 


+ 





||^2l|L^ko|^<c|g|3/^ 



the result follows for r < |. 

For r > 1/C > 0, note that < C\q\. The result follows from the 
fact that 



III2I < 



c\g2m 
Vt 



\h[{u)\du = 0{q'), 



zo 
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with the similar estimate for z < zq- 



□ 



Lemma 8.4. Let m{x,t,z) solve the normalized RHP (M, f) without 
poles where the jump matrix v is given in ( 15. 8p . Let u{x,t) be the as- 
sociated potential function. Suppose that ||r||i2piioo < c\q\ ^ 1. Then, 
for each fixed z G C+, 



m{x,t,z) = I + — 
and 

u{x, t) 

where 9(z) = xz — ^tz"^. 







s—z 



ds + 



\lmz\'- 



1 

2^ 



[s)e''^'Ms + 0{q^). 



Proof. We refer to Section |3] for the solution procedure for the RHP 
(M, t;). Let w+ = v — L Since ||r||i2piicx)(R) < c\q\ <^ 1, 



< 



<c, 



1-Flloo 

where C„ is defined in ( ]3.33p . Hence 

/i = / + (1 - C^Y^CJ = / + (!- C^)-^C-w+ el + L^ 

Here 

\r{z)\^ r{z)e'^^'^ 



w+{z) 



r[z]e 



'ie(z) 







As 



gi{s)g2{,s) 



s — z 



ds 



< 



\\9i\\l4921 
|Imz| 2 



for any gi E L^(M), ^2 G L°°(M), it immediately follows that (see (KM^ ) 
m(x, t, z) = I + C{fiw+){z) 

= 1 + Cw+{z) + - C,)-^C-w+)w+) (z) 



1 + 

27ri 





-i0(s) 



r(£lgie(s)' 

s—z 





ds + 0(- 

^ |Imz| ; 



and 



u{x, t) 



27T 
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2tt 



{s)e''^'^ds + 0{q^). 



□ 



Let ij+ = (^1+,^^), = ((^o)^, {i^o)t) be the ZS-AKNS solutions 
for Uq, rj^g, respectively. The following expansion is standard in the 
perturbation theory. 
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Lemma 8.5. For z E M., x > 0, 

POO 
J X 

uniformly where L(x,z) = {iPq)~^WiPq and W{x) = (_^^^"'o^^)- 
Proof. Let il!~^{x,z) = iIjq{x, z)(f){x, z). Then, 

As (j) = — > / as X — > +00, 2; G M, it follows by standard 
iterations that 



poo 

{x,z) = I-q / L{y,z)dy + 0{q^). 

J X 



□ 



Proof of Theorem\^ It is enough to consider x > 0. We use ~ to 
denote equality up to order -^{t^^ + kl^ + t\ log^l) H t < llg]"^, and 
order gMf t > Note that q^ < logr| if t < By the 

previous lemma, setting x = and using f l7.6p . it follows that 



where 

fii^)\_r,„(^^f -2izfiosech(fios)/{z'^ + fil) \ 

f2iz)J- I ^^'^ ^e-^(^2 + 2z^/iotanh(/.os)-/ig)/(^ + z/xo)V ' 
and Aq, Bq, Ai and Bi are defined in fl7.7p . Let Qsiz) be given in flT.lOp . 
By (18.11) . we have g^^—zo) = gs^zo). Hence using (17.81) and (18. 2p . we 
obtain 
(8.3) 

^3(^0) + 93{-Zo) = 2Re{Ao{-Zo)Bi{zo) + Ai{-Zo)Bo{zo)) + 0{q^) 

= -2qK{zo) + 0{q') 

where K{z) is given in (11.211) . 

If a{z) has one zero zi = ifii, then /3 = —q and hence it follows from 
that 

(8.4) biz) = g,{z) + g,{-z) + -^g,{z), 

z — tq 

By Lemma (8.11 and Theorem [6l the norming constant 71 (t) = 'j{t; Zi) 
for 2; = 2;i is given by 

^,(t)=^,e-'^?*/2 = ,/^^e-^?*/l 

V /^i - 9 
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Set 

where a{z) = f^f e-'(^). By I^^^M, 



a{z) z - 

where l{z) is defined in fl3.25p . Let mf{x,t,z), Uf{x,t) be the solution 
of the normahzed RHP and the associated potential function in Lemma 
[831withr replaced by r/. Set h{z) =e^^''^-l. As ||/||jyi,o(iR) < c|| log(l + 
knil_H"i.o{R)5 it follows that Hji/loj-k) = 0(|gp/^) and hence we see 
by Lemma [H31 Lemma |H3l (0 and that 



where 



Zt2 



2 ,2 



g K{zo)Eoe 2 g K{zo)Eoe 2 

^•5) Pi = 7=— 7 P2 - 



From Remark 14.301 



(8.6) = ^ f -^,log (1 + \ris)\')ds = 0{q 

uniformly on u > 0. Let Vi, be given in fll.22p . It follows by (18.61) 
that = t;r^ + 0(g2). Set 

b = m;(^i)e^^^i'^ ( -e!(t) 
V Zl-21 

Assembling the above results, we see that 

(8.7) Vie 2 b ~ ' ^ 



Therefore, by the Darboux transformation, 

u{x, t) = Uf{x, t) + i{zi — ^) J-'(b) 

2iii{vl + pi){p^ + 1) 



i{zQ -2/ii)pi 



-2 



This relation holds, in particular, in the region x > 1/M. lit > 
then ^ = O(g^) and it follows that pi,p2 = 0{q^), which in turn 
implies that 

n(x,t)-^^-e-?*/ViW. 
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This proves f ll.24p and the second part of f ll.23p . 

Now assume t < and < x < M. Since Zq = O(r^), K{zo) = 

Re J^e-'''°w{s) + 0{t-^). Set Ki{z) = J^^e-'''w{s)ds and Wq = 
w{s)ds = ^Ki{0). As we H^'\R), Ki G H^'^{R) and so \Ki{zo) - 
Ki{0)\ < l^ol 2 ||i^[||i2(]K) = 0(t^2). As w is real and even, K{zq) = 
lReKi{zo) + O(t-i) =Wo + 0{t-^2). Thus, 



V vrt 



Combining the results, we obtain from (18. 8p for < x < M, 



u{x, t) 



where Q{x,t) = —x^/{2t) + filt/2 + 7r/4. This completes the proof of 

(03D. 

If a{z) has two zeros in C+, we have P = q and hence it follows again 
from flAj) that 

Kz) = 9^{z) + g^{-z) — ^^^3(-z). 

z + iq 

Again by Lemma [8.11 and Theorem El the norming constants 7j(t) = 
7(t; Zj) for z = Zj, j = 1,2 are given by 



Set 



Z + Z + «/i2 &(^) , 7lW /,x 72 W 

'^/(^J = ■■ — a'^d Cl(^) = // C2(t) = 

2; - 2 - 2/i2 a(2) (^2) 

where ai{z) = ^^e~^^^^ and a(z) = j^ai(z). Denote by mf(x,t,z) 
the solution of the normalized RHP (M, fj) without poles associated 
with rf, and by mi{x, t, z) the solution of the normalized RHP (R, vi = 

(tti-- '\'")) n{z) = £±gM and one pair of poles at z, = 

and zi = —ifii with the norming constants 71 (t), — 7i(t) (cf. f l9.4p ). Set 



V /ii -g 

and 

b, = mf{z,)e'''^''(-cm 
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Then, again by (18. 6p . we have 

Vie 2 bi ^ -x ^ ^ 
\P2vl + 1 

as above. Write bi = ((bi)i, (bi)2)^. Define 



bi 



/i 



(bi)i -(bi)2 
(bi)2 (bi)i 

-22-^1 

;Z2 - ^ 



Z2 - Zi 

Z2- Zi 



— ]= {Z2- Zi) 



1 
AW ■ 



From Lemma IH3] and the fact that /i2 = (Lemma I7.4p . we obtain 



mf{x,t,Z2) 



1 P3 
Pa 



'l)+0{\q\i)^ 



where 

(8.9) P3 



1 



2Txi J^s - ifi2 



1 



2'Ki Ju s - ifi2 



Define V2 = - J j^e'^^'^'^^ Then, = Xiv^^l + 0{q'^)) by (l83|) . 



^2-Z2 



Let ?/'i(x, t,2;) = mi(x, t, z)e*^^°". Note that V2 = 0{q) by Lemma [7.4^ 
Ai = — l + 0(g) and vi = —e^^2*^'^ + 0{q). Assembhng the above results, 
we see that 



b2 = mi{z2)e 



IXZ2(J 



1 



(8.10) 



\ 22—22 / 



V2 e 2 



Pz ^ 
1 + Of s 



+ 0(g) 



where s = ^j^p^. By Lemma [873| we see that 



(8.11) 



QPs 



1 q 



-6(s)(l + /i(s))e^^('Ms ^0. 



2vr IJ,2 JrS - ijj,2 
Set So = ]o|p+T- Using (I8.10p and (18. IIP , we have 

2qso{l + v^s^) 4g{)^(|{;^|2 - 1) 



i{z2 - Z2)J'{b2 



|SoP+ |l + {)fS^|2 (|{)J^|2 + 1)2 
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But, 



\vf + Pip + \p2V1 + 
Aqvfdvfl'^ - 1) 



+ 



i{z2 -I^)J'(b2). 



where b is given in (18. 7p . Thus 

u{x, t) =Uf + i{zi - ^) J'(bi) + i{z2 - z^)J^{b2) 
^Uf + i{zi -^)J'(b). 
This completes the proof of Theorem [2l 



□ 



9. Appendix 



Adding in or removing poles via a Darboux 
transformation 



The following calculations are standard in scattering/inverse scatter- 
ing theory (see e.g. jRS02j ). Let u{x) G if^'^(]R) be given and consider 

the associated ZS-AKNS operator dx— {iza+ ( ^^^'^ )) and its reflec- 
tion coefficient function r{z) e if^'^(M). Suppose that for each x G M, 
2x2 matrix tp{x, z) = m{x, z)e^^^" solves the corresponding RHP with 
a finite number of simple bound states at 2; = zi, . . . , z„ G C^, and at 



. , -2„ G C , n > 0, 

' tljiyX, z) is analytic in 2; G C \ (M U {zi,zi, . . . , Zn, z^}), 



{9.1] 



xl^^i^x, z) = ip_{x, z)v{z), v{z) = 
ijj{x, z)e~''''"' I as z ^ 00, 



cUk] 



( 



l+|r(z)|2 t{z) 



Resip{x, z) 



lim TpiyX, z) 



l<k<n. 



Res^/'(x,2;) = lim_?/'(x, 2;) 



Z = Zk 



-c{zk) 




The goal is to add in another simple bound state at z = ^ G \ 
{zi, ■ ■ ■ , Zn} and simultaneously at 2; = ^ G \ {z^, ■ ■ ■ ,z^}. We use 
a Darboux transformation {z+P){dx — L) = {dx — L){z+P) as in (I4.10p . 
By (14. 2p . P can be chosen in the form P = b{x)PQb~^{x) where Pq is 
a constant matrix and b = b(x) solves the equation b' = Qb — iabP^. 
In contrast to the choice Pq = -P(O) = —iqcrs in (14.10 . the appropriate 
choice here is Pq = ^ ( g ^ ) ; b is determined below. Set 



(9.2) 



ijj{x, z) = b{x)iJ,{z)b {x)ijj{x, z)iJ, {z 
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where = z + Pq = (^o^z-f)' ^^^^ ^^^^ i^^x, z)e~''^^" — / as 
z — )■ oo. Let c(^) be any nonzero constant. We want to choose b(x) so 
that ip has a simple pole in the first column at 2; = ^ and a simple pole 
in the second column at 2; = ^ such that for a; e M, 





'Resihix, z) = limV'fa;, -2; 1 ~/^\ n 



Res?/'(x, 2;) = \imil){x,z 



-m 



Since 



we have 



0\ / 



But, 

and hence we must have 

(e - 0(62, b-V(x,Oei) = 5(0(e2, b-V(a:,0e2). 
Therefore, it follows necessarily that 

b(x)ei = ci{x)(^{x,i)ei - ^^^(x,0e2) 
for some nonzero function Ci(x). Similarly for 2; = ^, we see that 



b(x)e2 = C2(x) - Oei + ^(x, ^62) 

for some nonzero function C2{x). Observe that Ci(x),C2(x) factor out 
in the formula (19.21) for ip{x,z). Set 



(9.3) h{x)= -m V^(x,0 «7« 



1 



From the symmetry in Proposition I3.1( i) we see that b2 = ( ? 0^ ) bi 
where b = (bi, ba). Thus, det b{x) = \{bi)i{x)\^ + |(bi)2(x)p > and 
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hence b{x) is invertible for all x G M. The jump matrix v for ipi^^ ^) is 
given by 

v{z) = ipZ'^ix, z)ip+{x, z) = ij,(z)v(z)ij,~^{z) 
'1 + |r(z)p f{zy 



r{z) 1 ' ' ^ ^ 

where 

f{z) = r{z)- — |. 

A straightforward calculation shows that for 1 < A; < ra, 

0' 



Res ip{x, z) = lim ip{x,z) 



c{Zk) 



Res 'ip{x, z) = \im_ip{x, z) c(zfc) 
where 

c{zk) = c{zk)— — ^. 

The above calculations show that m(x, z) = ip{x^ z)e~^^^"' solves the 
RHP of type fl3.3ip with r{z), replaced by r{z), = {zi, ■ ■ ■ ,Zn, 

= {5(21), ■ ■ ■ c{zn), c{^)}, respectively. Note that (see fl3.24p ) 

d{z) = - — ^a{z), 

where a(z), a{z) are the scattering functions for ipi^x^z), ■i/j{x,z), re- 
spectively. Hence we see from fl3.27p that 

(9.4) ^{zk) = c{zk)a'{zk) = c{zk)a'{zk) = 7(^fc), k = !,■■■ ,n 

where 7(2;^), ^{zk) are the corresponding norming constants. By Re- 
mark [3]9l m is unique. Finally, we compute the corresponding potential 
u{x). From the fact that m^. = iz[a, m] + Qm, Q = {\o),yve have 



nil 



Q = — i[cr, mi], m = I -\ h o{z 



'1^ 



z 



as z — )■ cxD in any cone |Im2;| > c|Re2;|, c > 0. Let fii = (q^). For 
m = b (/ - ^) (/ + ^ + o(.-))) (/ - " 
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and hence 
(9.5) 



u{x) = -i[a,mi - b/iib ^ + /ii]i2 

(bi)i(M^ 



uix) + 1(^-0- 



Kbijil -^ \{ui)2\ 

One can also use Darboux transformations similar to (19.21) to remove 
eigenvalues. We do not provide any further details, except to note that 
at each step, if the poles at z = Zk,^ are removed, then r{z) — ?■ r{z) = 



r(z 



1^. 



etc. 
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